Lecture 4 (complete)
CONTINUITY OF A FUNCTION

3.1. Definition of Continuous Function at a Point

The function is called continuous at the point x =X, if it is
defined in some neighborhood of the point x, and at the point x, as

well and if
lim f(x)= f(x,). (3.1)

X—Xg
Continuity condition (3.1) may be also formulated in more
detail:
The function f(x) is called continuous at the point x, if:

a) it is defined at this point and some its neighborhood (that is, there
exists such &> 0, that C5(x,) = D;);

b) there are exist the right and left limits of the function f(x) at the
point X, ;

c) these one-sided limits are equal to each other;

d) these limits are equal to the value of the function f(x) at the point
X, -

Example. Let show that the function y=sinx is continuous
function V x e R. We can see that lim sin x =sin x, for all x,. Earlier

X—>Xg

it was shown that limsinx=0: limcosx =1.

x—0 x—0
: . Y=X,—X ) i
lim sin x = ° Tl=limsin(x, - y)=
X—Xp X= XO - y y_)O

= lim(sin x, cos y —cos X, sin y)=sin X, .
y—0
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Consequently due to definition of continuity it means that the
function sin x is continuous one on set of real numbers.
A function f(x) is called continuous on closed interval if it is

continuous at each inside point of this interval and on the left end it is
continuous on the right and at the right end it is continuous on the left.

3.2. Another Definitions of the Function Continuity
The definition of a function continuity at a point expressed by
equality (3.1) may be formulated by language “¢€,5”.

y

f (X, )+ €0

f(x0)7:

f(xo)—a

&—O- Py
4

0 @ X, —0X X +0D X

Fig. 3.1
Definition. A function f(x) is called continuous at a point x, (Fig.

3.1) if for any however small positive € >0 it is possible to indicate
such number (g)> 0, that the inequality

[F(x)— (%) <e
is fulfilled for all x, satisfying condition |x — x,| < . This definition in
symbol form may be written as
Ve >0 33(e) > 0f(x — x| < 8)= (f (x)- f(x) <e)
To formulate the following definition let us introduce some concepts.
Let us consider the function y = f(x) and investigate it at some

point X,. Let us give to number X, such increment Ax that
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[X,,%, + Ax] = D . Let us denote the difference f(x,+Ax)— f(x,) by
Ay, i.e. Ay = f(x, + Ax)— f(x,).

This difference is called increment of the function y = f(x) at
the point x, and is designated as Af(x,) or Ay (Fig. 3.2). It should be

noted that the value Ax might be both negative and positive.

0 . .
X0 Xo+Ax X

Fig. 3.2
Let a function y = f(x) be continuous at a point x,. Then it is

possible to rewrite equality (3.1) in the following form
lim [f(x)- f(x,)]=0.

X—Xp—0
Designating x — X, = Ax, f(x)— f(x,)= Ay, we obtain
lim Ay =0. (3.2)

AX—0

So if a function is continuous at the point then an infinitesimal
increment of the function corresponds to infinitesimal increment of
the argument.

Reasoning in contrary way we can obtain assertion: if the
function y = f(x) satisfies equality (3.2) at the point then it is

continuous at this point. So equality (3.2) is necessary and sufficient
condition for the function to be continuous at the given point.
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Example. Show that function f(x)=cosx? is continuous V x € R.

Solution. Let us use definition of a continuous function on the
language of «increments».

2 2 2 2
Af = cos(x + Ax)? — cosx? = 2sin > ~ (o AX)” G XE (o AX)”

The  value sin X2+ AX } l.e. 1S bounded, and
sin AX(2X+AX) < g, L.e. it is the infinitesimal as Ax — 0, AI)i(mOAf =0,
—

i.e. the increment of the function is also infinitesimal and therefore
f (x)=cosx” is continuous everywhere.

Note. Let the function f(x) be continuous at the point x,. Then
equality (3.1) is fulfilled, which may be written as

lim f(x)= f(lim xj. (3.3)

X—>Xg X—=>Xg

It means that to calculate the limit of continuous function it is enough

to replace its argument by its limiting value. That is why equality (3.3)

is called rule of limit passing under sign of the continuous function.
Formally equality (3.3) means the following: in case of

continuous function the symbols lim and f may be replaced.

3.3. Arithmetic Operations on Continuous Functions

Theorem 1. The algebraic sum of the continuous functions at the
given point is continuous function at this point.
m Indeed, let the functions f(x) and ¢(x) be continuous at the point

X, - Then
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lim f(x)= f(x,), lim ¢(x)=(x,).

Designate F(x)= f((;()+(p(x). Then 0
lim F(x)= lim [f(x)+o(x)]=

X—>Xp X—>Xg

= Jim £ (x)+ lim o(x)= 1 (%) + (%)= F(x),

X—Xo

which is what had to be proved. O
Theorem 2. The product of two continuous functions at the given
point is continuous function at this point as well.
Theorem 3. The quotient of two continuous functions is a
continuous function if the denominator does not vanish at the point
under consideration.

These theorems may be proved similarly.

3.4. Continuity of the Composite Function

Theorem. (Continuity of a composite function). Let two functions
y = f(u) and u=q(x) be given. If the function ¢(x) is continuous at

the point x, and ¢(x, )= Uy, and the function f(u) is continuous at the
point u,, then the composite function F(x)= f[p(x)] is continuous
function as well at the point x, under consideration.

W The first let us show that a function F(x) is defined in same
neighbourhood of the point x,. Indeed by continuity of the function
f(u) at the point u, it follows an existence of the neighbourhood
C. (uy), where the function f(u) is defined. By virtue of continuity
function @(x) at the point x, there exists such neighborhood Cy(x,),

that from relation x e Cs(X,) it follows that |p(x)—o(x, ) <e, i.e.
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ueC,(u,). But if ueC_(uy), then f(u) has sense. So there exists
such neighbourhood C;(x, ), in which the function f[p(x)] has sense.
Let us take an arbitrary £ > 0. By continuity of the function f(u)
at the point u, we can indicate such number n(g)> 0 that
(ol <n)= (1) £, ) <)
Further since the function ¢(x) is continuous function at the point x,,
then for obtained value of n we can indicate such §(n)> 0, that
(x=%| < 8)= (lo(x)-0(x;) <), that is
V(X = x| <8)= (u—up|<m).
But
(u—ug|<m)=(F(u)-f(u)<e),
that is
(u—uo| <n)= (Flo(x)]- flelx,)] <)
from this it follows that the function F(x) is continuous at the point
Xg. O

3.5. Theorem about Retaining Sign of a Continuous

Function

Theorem. If the function f(x) is continuous at the point x =a and
if f(a)= 0, then there exists such §-neighbourhood of the point a that

for all values of the argument of the mentioned &-neighbourhood the
function f(x) does not vanish and preserves its sign at some

neighborhood of the point. The proof of this theorem follows from
limits properties of the function.
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3.6. Continuity of the Inverse Function

Let the function y= f(x) be given on the segment [a,b] and

range of values of this function is the segment [o,p]. Let each
y €[a,p] has the only corresponding value xe|a,b] for which
f(x)=y. Then on the segment [o,B] we can define the function
x = f *(y) putting in correspondence to each value y < [a,B] such
value xela,b] that f(x)=y. The function x= f*(y) is called
inverse to the function y = f(x).
Theorem. Let strictly defined monotonic continuous function
y=f(x) be given on the segment [a,b] and o= f(a), = f(b)
(w<B). Then this function has strictly monotonic and continuous
inverse function x= f(y) or x=o(y) on the segment [a,B]. The
proof of this theorem you can find in books [ 4 ].

3.7. Continuity of the Basic Elementary Functions

The first let us consider the exponent function y =a* and show
that
lima* =1.

x—0

For the sake of definiteness let us suppose that a >1. Take an
arbitrary € >0 and require that inequality

ax—l‘<s

holds true or

—g<a‘-1<e.
This inequality is fulfilled if

l-ge<a’ <l+eg,

whence we get
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log,(1-¢)< x<log,(l+¢).
Since log, (1+¢) < |log,(1—¢) then we can put 5=log, (1+¢); so

we obtain that if |x| <38, then

a” —ﬂ < . From this it follows that

lima* =1. Which is what had to be proved.

x—0

Let us take an arbitrary number x, and calculate limit of the
function increment at this point. We have that

lim (ax —aXO): lim a’ (aHO —1): a® lim (aHO —1):

X—=>Xg X—>Xg X—Xg—0
=a’ Iim(au —1),
u—0
but lima" =1, so
u—0
lim (aX —axo): 0,
X—)XO
that is.
lima*=a".
X—)XO

So the exponent function is continuous one for all xeR.
Let us consider the function y = log, X, which is inverse one to

exponent function y=a*. Obviously logarithmic function is
monotone increasing one (if a>1) or monotone decreasing one (if
a <1) with range (0,+o).

By virtue of theorem about inverse function the logarithmic
function y=Ilog, X is monotonic and continuous on the interval
(O,+oo).

Further since the power function may be represented in the
following form



then continuity of the power function follows from continuity of the
exponent and logarithmic functions Vvx>0 and theorem about

continuity of the composite function. If value of a is such that x* has

the sense for x <0 (or for x =0), then the function x° is continuous

for such values x. It is easy to check. For example, consider function
2
y =x3:

(23 _ w23) i (3 2 )
fim (2 = x5 ) = lim [ =356 X'E‘Qof+m X

= lim (x — x X%
X—>Xg O ,l 3/X2X2 ,XO
So for all x
lim x23 = x23,
X—)XO

whence the continuity of the function y = x%* follows for all x e R.

Let us consider the trigonometric functions. The first we will
analyze the function y=sinx. Let us take an arbitrary point X = X,
and calculate

sin x —sin x,| =|2sin

2 <|x=xXo| <8 =k.

cOoS ‘S 2/Si

So Ve > 0,38 = g, that if [x —X,| < 8 = |sin x—sin x,| < &.

It means that the function y=sinx is continuous. Since
cosx—sm(i—xj then using the theorem about the composite

function we can conclude that the function y =cosx is continuous as

well. The function y =tanx is continuous one at all points except of
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: : . 3 5
points at which cosx =0, that is, except x = J_rg, X = i?n, X = i?n
because in this case we have quotient of two continuous functions. In

similar way the function y=cotx is continuous one at all points,

where it is defined.

From theorem about continuity of the inverse function it follows
that functions arcsin x and arccosx are continuous ones on the
interval [-1,1]. The functions arctanx and arccotx are continuous

ones VxeR.

Analogously it may be shown the continuity of hyperbolic and
inverse hyperbolic functions.

So all elementary functions are continuous ones in the domain of
their definition.

3.8. Classification of Discontinuity Points

As we noted equality (3.1) is true if the following five
conditions hold true:
1. The function f(x) is defined at the point x=Xx, and some its

neighborhood.

2. There exists the right limit of the function
lim f(x)=f(x,+0)=b,.

X—>Xp+0

3. There exists the left limit of the function
lim f(x)= f(x,—0)=b,.

X—)XO—O
4. One-sided limits are equal and their general value coincides with
the limit of the function at the point x = X,.
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5. Limit of the function is equal to value of the function at the point
X=X, 0.e. lim f(x)= f(x,).

X—=>Xp

If at least one of these conditions is false then it is said that the
function has discontinuity at the point x = X, .

There we will distinguish points of discontinuity of the I-st and
I1-nd Kinds.

If a function has finite one-sided limits at a point of discontinuity
then it is the point of discontinuity of the I-st kind.

If at least one of one-sided limits tends to infinity or does not
exist in essence then the point x = X, is called the discontinuity point

of the 11-nd kind.
In particular, if the property 1 and naturally 5 are false then the
point X=X, Is called the point of removable discontinuity (the I-st

kind). In this case it is possible to determine the value function at the

point of discontinuity additionally and obtain the continuous function.
If there exist finite one-sided limits but they are not equal to each

other, i.e. b, #Db,, then the point x=Xx, is called the point of

discontinuity of the I-s¢ kind «jump» (|b, —by| is value of the function
jump ).
So to investigate the nature of discontinuity point of the function
f (x) it is necessary:
1. Find points at which the function might have breaks.
2. Calculate the following one-sided limits:
lim f(x)=b and lim f(x)=b,.

X—>Xp—0 X—>Xg+0
3. To define kind of the discontinuity taking into account the

obtained values of these limits.
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Example 1. Let us consider the function y = w. Obviously this
X

function is not defined at the point x=0, but you know that the
function has limit at the point x=0 and this limit is equal to 1,
e Iing)—Sln X _1. Hence the given function has break at the point x=0.
X—> X

But this break is removable (I-st kind). Indeed if we define the
function in the form

SN2 i x=0,

1, if x=0,
then such function will continuous at the point x=0.
x* —4
X—2

Example 2. Investigate the function f(x)= for continuity.

Solution.
1. The function is defined for every x except X, = 2.

2 2

2. lim X4 im (x+2)=4, lim X =2 _ jim (x+2)=4.
Xx>240 X —2  x—>2+0 x>2-0 X—2  x>2-0

2

3. One-sided limits coincide, i.e. there exists lim X =4, but the

x—>2 X —2

equality lim f(x)= f(2) is false as the value f(2) has no sense.

There is a removable discontinuity at the point x, = 2. Let us see how
to make the point x, = 2 be the continuous point.

Let us consider F(x) given as follows:

x> —4
F(x)= —ry if x#2
4, if x=2
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The value F(x)= f(x) everywhere except x, = 2. At the point x, = 2
the function f(x) is undetermined, and F(x) is equal to 4, that

coincides with the value lim f(x)=4, i.e. F(x) is continuous at the
X—>

point x, = 2.
We should mention that the main reason allowing us to obtain
the continuous function F(x) from the discontinuous function f(x) is

equality of its one-sided limits: lim f(x)= lim f(x).

X—2-0 X—2+0

_ : “+2, x<0,
Example 3. Investigate the function f(x)= e X for
—2X, x> 0.

continuity.

Solution. The given function changes type of an analytical
expression at the point x=0. So at this point it might have a break.
The value of the function is equal to 2 at this point. Let us calculate

Jq. I\

B

0 X 0 ! X

Fig. 3.3 Fig. 3-4|
one-sided limits:
lim (x? +2)=2, lim(-2x)=0.

x—>+0 x—>-—0
You can see that one-sided limits are not equal to each other.
Therefore the function has a break of the I-st kind of the type “jump”
(Fig. 3.3).
1
Example 4. Investigate the function f(x)=3* for continuity.
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Solution.
1. An exponential function is continuous over range of definition,

but the given function is undetermined at the point x, =1.
1 1
2. Letuscalculate lim 3*1 =0, lim 3*! = 0.

x—1-0 X—1+0

3. The point x, =1 is the point of discontinuity of the Il-nd kind, as
one of the one-sided limits tends to infinity.

Example 5. Research the function f(x):1 for continuity
X

(Fig. 3.5).

Solution. The given function is not defined at the point x=0. Let

us calculate the one-sided limits
lim f(x)=—oo, lim f(x)=+o.

X—-0 X—+0

y
y
E_\
2
0 X
0 X
\“ r
2
Fig. 3.5 Fig. 3.6

Since these limits are infinite then the function has a break at the point
x =0 of the IlI-nd kind or infinite break.

: : 1 .
Example 6. Investigate the function y =arctan— for continuity.
X

Solution. The function is not defined at the point x=0. Let us
calculate the one-sided limits
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-

7T

) 1
lim arctan = =~ 2 .
X—>+0 X TT
x—-0 -

. 2

So the right and the left limits exist, but they do not equal to each
other. This discontinuity point of the I-st kind of type “jump”
(Fig. 3.6).

Example 7. Let function f(x)= be given. The function is

X
In(x —2)
not defined at two points x, =3 and x, =2. At that for point x, =2 it
IS necessary to find the right limit only due to the function definition

(x—2>0, x> 2). Let us calculate the one-sided limits.
lim f(x)=+oo0, Iir3n0 f(x)=—o0, lim f(x)=0,

Xx—>3+0 X—2+0

So, points x, =3 and x, =2 are discontinuity hjints of the 11-nd kind
(Fig. 3.7).

Fig. 3.7 Fig. 3.8

Example 8. Let us consider the function f(x)= iz Here
X

lim £(x)= lim £ (x)=+eo.

x—>+0
In the given case we deal with break of the Il-nd kind as well
(Fig. 3.8).
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Example 9. Let us investigate the function f(x):sin1 for

X
continuity.

Solution. The function vanishes at conditions
1:J_rrc,J_r27c,4_r1’m-,..., that is, at points x= +E +i +i

X n 2x  3n

Consequently the function makes vibrations at the some neighborhood

of the point x =0. It means that the function has nigher the right nor

the left limits. In this case it is said that the limits do not exist on

principle. But there exists limit as x — oo. Indeed lim sin 1 0. The
X—>to0 X

plot of this function is shown on Fig. 3.9.

Example 10. Let us consider the function

y =arctan( 1 1+ > 1 j Here are two points of discontinuity: x=1
X— — X

and x = 2. Let us investigate these points:

y

AL |1
B A

1
Fig. 3.9

(x—>1—0):(x—1—>—0):>(xi_1—>—ooj:

arax )Rl
= + —)—oo:>y—>—§+0,

Xx—=1 2-Xx

(x>1+0)=(x-1->+0)= ﬁ_)_l_oo)j
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otz )= 50
= + —>+w0 |=|y—>—-—-0];
X-1 2-X 2

(x—>2—0):>(2—x—>+0):>(2i—>+oo =
— X

1 1 T
— + —>+w0 |[=>|y—>—-—-0
(x—l 2—X j ( 2

(X_)2+0):>(2_X_)_0):>(2f1x_>_°o):>

1 1 T
= + —> -0 |=>|y—>-—+0].
(x—l 2—X j ( 2 j

So the given function has two break points of the I-st kind of
type “jump”.

To get the general form of a graph let us investigate the given
function on infinity. If

(X_)iw):(x_lﬁiw)@(xif Zix } (x—l)tx—Z)j:

=(y > -0).
So the graph of the given function is presented in Fig. 3.10.

y

W2E N g

—/2 | --2N
Fig. 3.10

Example 11. Let us consider the function
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1-x
y = 3x(x—2)2 .
The function has two break points: x =0 and x = 2. Let us investigate
the one-sided limits at these points. We get

(x—-0)= (X(X -2) > _0)3 (X()l(__);)z ~ _Ooj = (y = +0);

(><—>+0):>(X(x—2)2 —>+0):>(X(1__);)2 _HOOJj(y_HOO);

(x—>2+0)= (x(x— 2) — +O):> (X(:)L(_—);)Z - —oo) = (y = +0);

e B s ) SRR

L I M e )

=(y —1-0).
So the graph of this function is in Fig.°3.11. At the point x=0

there is a break of the Il-nd kind as infinite jump, at the point x=2
there is a removable break (the I-st kind).

3.9 Corollaries of the Second Remarkable Limit

1. Let us consider the following limit

lim In(L+x) _ lim 1In(1+ x)=limIn(L+x)"* = Inlim1+x)"* =Ine =1

x—0 X x—0 X x—0 x—0

SO

-1, (3.4)



whence it follows that In(1+x)~ x, as x —0.

2. Let us show that a* -1~ xIna, where a>0,a=1. Indeed let

X

. . a .
calculate the limit A=Ilim . Since the value a*-1—0 as

x->0 xIn a
Xx—>0, then due to previous consequence we get

a* -1~ In[1+(aX —1)], S0

. In[a X1 . Ina* .. xIn
A=Ilim [+(a )lelm—a:hm azl.
x—0 xlna x->0XxIlna x-0xlna
Consequently a* -1~ xIna, as x —0.
In the particular case
. ef -1
lim =1. (3.5)
x—>0 X
It means that e* —1~ xas x > 0.
3. Show that shx ~ x, as x —0.
Indeed
. shx . eX—e* e‘x(e2X —1)
lim —— =1lim = lim—\_
x>0 X x—>0  2X x—0 2X
—-X
_him & 2¥ 1
x=>0 22X

In similar way it is possible to show that thx ~ x, Arshx ~ x,

X2
chx—1~? as Xx—0.

4. Let us consider the following limit
A= lim GLH
x—0 X
where o is an arbitrary number, but o =1. It is obvious that
(((1+ X)” —1)—) O), as x —0, then

A:mnmﬁ+h+xy_ﬂ}:mnmgiﬁi:mnﬂmﬁiﬁ.

x—0 X x—0 X x—0 X
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Finally we obtain that
fim LX) =L (3.6)

x—0 X
Obtained formulas (3.4) — (3.6) are useful for calculation limits.
While investigating indetermination of the kind 1” the following
theorem is very useful.

Theorem. Let us assume that the values a—0,y—>o and

B~a, z~y at same behavior of the argument. If there exists

lim(1+ a)”, then lim(1+ B)* exists as well and these limits are equal to
each other, that is,
lim@+a)” =liml+B). (3.7)
M Indeed
lim(1+a) =limeY"®) —¢ =e
= MNP _ lim(1+B) .0
It should note that we used the fact about continuity of the
exponent and logarithm functions and rule of limit passing under sign
of the continuous functions.

1+a) lim yIn(1+a) lim yo. lim z _

=€

Table 1
Equivalent infinitesimals, obtained by the second remarkable limit

a*—-1~xlna, x>0 e¥-1~x, x>0

o0, 0)- % o | B X

o 1
(1+X) —1~G,X,X—)O (1+X)a_l~§’x_)o

sh~x, x—>0 thx ~x, x—>0

X2
chx—1~?, X—>0
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Table 2
Equivalent infinitesimals, obtained by the first remarkable limit

sinx~Xx, Xx—0 tanx~x, x—0

arcsinx~x, x—0 arctanx~x, x—0

X2
1—cosx~?, Xx—0

Example 1.

- (2x-1)" . [(2x+3)-471 . 4 \
lim =|lim|l~—/———— | =lim|1- =
x—o\ 2X +3 X—>00 2X+3 X—>00 2X+3

= lim (1—3) =i2.
X—>0 X e

Example 2.
. cot . 1 . !
I|rrg)(1+ tan 3x )™ = I|rr2)(1+ tan 3x )anx = Iln?)(1+ 3X)x =¢°.
Example 3.

1
2 1
Iing(xsin 2X + COS x)x2 = Iing{1+ [xsin 2x — (1 - cos )]}
1 1

2 2 23
:Iim[1+2x2—X—JX :Iim(1+§x2jx —e2,
X—0 2 x—0 2

Example 4. Calculate the following limit A.
1

A= Iim(g arccos x)x .

x—0\ 7T

Then
1 1

A= Iim{1+ (E arccos x —1)}X = Iim{1+ g[arccosx —Eﬂx =
x—0 T X—0 TT 2
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1 1
. 2(m X 2 . (m X
=lim|1-—| = —arccosXx = lim|1— —sin| — —arccos X =
x—0 m\ 2 x—0 T 2
1 1

. 2 X 2 W« -2
=lim| 1— —cos(arccosx) | =lim|1-—x| =e ™.

x—0

T x—0 TT

Example 5.
i In(2x-3) _ i In[1+(2<—4)]: im_ n2x=4
x>2 5X_925  xo2 25(5X _1) x>225(x—2)In5

~ 2(x-2) 2
—>225IN5(x—2) 25In5

3.10. Limit of Power-exponential Function

Let us consider the function y = u(x)v(x) which is called a power-
exponential one. Suppose that
limu(x)=a, limv(x)=b,

X—Xg X—>Xg
lim v(x)In lim u(x)
lim [U(X)]V(X) — lim ev(x)In u(x) _ px%0 X—>XQ _ ebIn a _ ab
X—Xg X—Xg
At calculating limv(x)Inu(x) then there are possible the following
X—>Xq
cases:
a) b=0, a=w,
b) b=0, a=0,
c) b=, a=1.

These cases are indetermination forms of the Kinds
(0)°, (0)°, (1) and they required specified investigation.
3.11. Lemma about Contracting Segments

Let us consider system of nested segments
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lab]=[ab]=a, b, ]2 o, b, ] =
such that the length of the segment [a,,b, | approaches zero as n — oo,
i.e.
lim(b, —a,)=0.

N—0

This system is called system of contracting segments.

Lemma. If a system is the system of contracting segments then there
exists the only point that belongs to all segments of this system.

W Let us consider the numerical sequence {a,}. It is clear that it is

monotone increasing and is bounded from above as
a, <a, <---<a, <---<b. Therefore this sequence is convergent, i.e.

there exists lima, =c,. Analogously the sequence {b,} is monotone

n—oo

decreasing and is bounded from below as b, >b, >--->b, >--->a.
Hence this sequence has limb, = c, as well.

nN—o0

Since
lim(a, —b,)=0=>lima, =limb, = ¢, =c, =c.o

N—5c0 N—00 N—oo

3.12. Lemma By Boltsano-Weierstrass

Lemma. Any bounded sequence contains convergent subsequence.
W Let the sequence X;, X,, ..., X,,.... be bounded. Then it is possible to

indicate such segment [a,b] that x, e[a,b] ¥n. Let us divide the
segment [a,b] by half. At least one half contains the infinite set of
points x,, of the given sequence. Let us denote this part by [a,,b,]. If
each of parts of the segment [a,b] contains infinite set of points X,

then we can take any of them.
In similar way let us divide the segment [a,, b, | by two parts and
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denote as [a,,b, ] such half, which contains infinite set of points x,
and so on. On k—th step we obtain segment [a, ,b, |, in which infinite

set of points are contained and length of k-—th segment approaches
b-a

zero as k — oo, because |b, —a,| = o

So we constructed the system of contracting segments
[a,b] [a,,b,],[a,,b,],....[a,,b, ].... Due to lemma about contracting

segments there exists the only point ¢, which belongs to all these
segments. Required subsequence X, , X, ,..-X, ,... May be obtained, for
example, in such way. As the first term x, let us take the first of
numbers x, containing in [a;,b,]. As x, we can take any number x,,
which belongs to the segment [a,,b, ], but such that n, > n,. As x, we

can take any number x. from the segment [a;,b,], but such that
n, >n,.
Since Vn, corresponding terms satisfy inequality a, <X, <b,

and lima, =limb, =c, then by virtue of the first sign of the

k—o0 k—o0

existence limit we obtain
lim Xp, =C.

k—0

Which is what had to be proved.o

3.13. Properties of the Functions, Continuous on
Closed Interval

Theorem 1. (The first theorem by Boltsano-Cauchy). If the
function f(x) is continuous on the closed interval [a,b] and takes on

values of different signs at the end points of this interval, then there
will be at least one point x=¢& lying between the points a and b, at

108



which the function vanishes: f(£)=0, £e(a,b).
W For definiteness let us assume that f(a)<0, f(b)>0 (Fig. 3.12).
Let us divide the segment [a,b] by half

and denote the middle of the segment by

+ :
c= a_b. Then the following two cases a

2 5 X
are possible: U§

1. f(c)=0, ie. c=§&, and the
theorem proven. Fig. 3.12

2. f(c)=#0. Then either f(c)<O
or f(c)>0. Let us assume that f(c)>0. In this case we will put
c=h,a=a; we get new segment [a,b] such that f(a,)<0,
f(b,)>0. In similar way let us divide by half the segment [a,, b, ] and
denote as [a,,b,| the part on which the inequalities f(a,)<0,

y

f(b,)>0 are valid and so on. On each following step we will get
f(a,)<0, f(b,)>0.

As result we obtain the system of nested segments
la,bl[a, b, ]...[a,,b,]..., such that lim(b, —a,)=0 and at the same

N—o0

n

time f(a,)<0,f(b,)>0,vn.
But lima, =¢&,, limb, =& and due to continuity of the function

n—oo

f (x) at the point &, we have that
lim f(a,)= fuim a, )= f(g)<0;

N—o0

lim (b,) = fui_r)r;bn)z f(£)>0.

Since (f(£)<0)A(f(€)>0)=(f(&)=0), it means that the point x =&
at which the given function is equal to zero exists. OJ.
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This theorem has a simple geometrical meaning. The graph of
the continuous function y = f(x) joining the points M, (a, f(a)) and
M, (b, f (b)), where f(a)<0, f(b)>0, cuts the x-axis in at least one
point (Fig. 3.13).

B
/N C
a ﬂb y A.___I

0 \/il & \_/ & 0 5 X

Fig. 3.13 Fig. 3.14

Theorem 2. (The second theorem by Boltsano-Cauchy). If the
function f(x) is continuous on the closed interval |a,b] and takes on

f(x)

unequal values f(a)=A, f(b)=B, at the end points of this interval,
then no matter what the number C, lying between numbers A and B,
there will be at least one a point £e(a,b), such that f(&)=C
(Fig. 3.14).
W For definiteness let us assume that A < B. Then we can choose any
number C, which lies between A and B, i.e. A<C<B. Let us
introduce an auxiliary function o(x)= f(x)—C. Obviously it is
continuous on segment [a,b] like function f(x). Except of this it
takes on values of the different signs at the end points. Indeed
o(a)=f(a)-C=A-C <0,
o(b)= f(b)-C=B-C>0.
By the first theorem of Boltsano-Cauchy there exists at least one
point &e(a,b), such that ¢(¢)=0, whence it follows that
f(£)-C =0. It means that f(&)=C, which is proof of the theorem. O

Theorem 3. (The first theorem by Weierstrass). If a function is

continuous on the closed interval, then it is bounded on this interval.
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W Let us assume contrary, namely, we suppose that function f(x),
which is continuous on the closed interval, [a,b] is not bounded (for
example, from above). Divide the closed interval by half and take
such part on which the function is not bounded and denote it by
[a,,b,]. In similar way let us divide by half the segment [a,,b, ] and
the part on which the function is not bounded denote as [a,,b,]. On
each following step we will get new segment [a,,b, ], on which the
function is not bounded. As result we get the sequence
la,b]o[a,,b, ]2 a,,b,]>...o[a,,b,]>...

of nested segments such that the length of a segment [a_,b ]
approaches zero, i.e.lim(b, —a,)=0 as n— or lima, =limb, =c.

=0 N—>o0 n—o0
The value f(c) is finite number for the function which is continuous
at this point.

It means that Ve>0,3 [5>0,V(x—c <8=|f(x)-f(c))<e.

Put e =1. Then
() =1F(0- )+ Fe) < (f(x)- F(e)+|f(e))<e+|f(c)=
=(L+|f(c))=M.

From this it follows that the function is bounded W¥x satisfying
inequality [x —c|< 3. Let us take such n that the segment [a,,b, ] is
contained in Cy(c). Then we obtain contradiction, by construction the
segment [a_,b. | on which the function is not bounded. But another
hand we have shown, that it is bounded on this segment. Obtained
contradiction proves the theorem.O

Note. From this theorem it follows that if the function f(x) is
continuous on the closed interval [a,b], then there exist such finite
numbers m and M, that all values of the function lie between these
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numbers, that is, m< f(x)<M,Vvx, xe[a,b] (Fig. 3.15).
The greatest of all possible numbers
m is obviously inf f(x) and the smallest m

Xe[a,b

of all possible numbers M is sup f(x).
xela,b]

We will mind further that namely these
numbers m and M is under consideration.
In connection with it there occurs the Fig. 3.15
following question: are exist a points X,

mbp---

and x, that belong to segment [ab] and such that
f(x,)=m, f(x,)=M ? The answer gives the following theorem.
Theorem 4. (The second theorem by Wierstrass). If the function
f (x) is continuous on the closed interval [a,b], then it attains on this
interval (at least one) the greatest value M and the smallest value m. It
means that there are such points x, and x, on the interval [a,b], that
f(x,)=m, f(x,))=M.

W Let us assume that such points are absent on the interval [a,b]. For
example we will suppose that there is no point at which f(x)=M,
M =sup fgx). Then f(x)<M Vvx, xe(a,b]. Consider the auxiliary

Xe[a,b

function @(X)Z#. Obvious that it is continuous for all

M — f(x)
X e [a, b]. Consequently by virtue of the theorem about boundless of
the function continuous on the closed interval there exists such
number M, >0, that for all x € [a,b] the inequality @(x)<M will be
valid, i.e.
1
M — f(x)
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whence

M= f(x)> .
Ml
It means that
F()<M - —.
Ml
But from this it follows that sup f(x)< M, which is contradiction for
xela,b]
M = sup (f(x)). Therefore we can account that the theorem is

xela,b.
proven, that is there exists such point x, €[a,b], that f(x )=M .0

In the similar way it is possible to prove the existence of the
point x, at which f(x,)=m.
Note. If the function f(x) is bounded on the closed interval, but is
not continuous, then the supremum and unfimum might be not

reached. The function f(x):arctanE y
X

defined on the segment [—2,2] is such /2 \
example (Fig. 3.16). Indeed, 2 :

1 = . 0 2 X
sup arctan= =—, but there is no such \
[-2,2] X 2 [ -n/2

point on the interval at which the
function takes on this value.

Fig. 3.16

3.14. Uniform Continuity of a Function

Let a function f(x) be continuous on the interval X and point

X, € X be an arbitrary point of this interval. Then for any € >0 there
exists such number §>0, that (x—x,|<8)=(f(x)-f(x)<s).
Obvious that & depends on both ¢ and point x,. It means that for the

same value ¢ and different points X, there might exist the different
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values &. It is connected with the different velocity of changing
function f(x) on different parts of the interval. There is occurred the

following question. Is there such value of &, corresponding to given ¢
that for any two values of the arguments x, and x, satisfying

inequality |x—X,| <3 the inequality |f(x)— f(x,)<e holds true?
Thatisif x, € X and x e X then

(x=xo| <8)=(F(x)—f(x, ) <e) (3.32)
Another words the number & is independent value on x,, but it is

dependent on ¢.

Definition. If the function f(x) is continuous one on the interval X
and for any £> 0 it is possible to indicate such number §(g)> 0, that
inequality |f(x)— f(x,) <e is fulfilled for any x, € X and xe X,
satisfying inequality |x—X,| <&, then the function f(x) is called
uniformly continuous on the interval X.

Cantor’s Theorem (without proof). If the function f(x) is
continuous on the closed interval [a,b], then it is uniformly

continuous on this interval.
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