
LECTURE N 4 (short) 

 

Continuity of a function 

 

Defintion. The function ( )f x  is called continuous at the point 0x  

if it is defined at this point and in some neighbourhood of the point 
and  
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As 
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 , then the equality (4.1) can be presented as:  
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i.e. for continuous function at the point 0x  the symbol “ lim” and the 

symbol “ f ” characterizing the given function can be rearranged. 

If 0( )f x  in the equality (4.1) pass to the left and enter under the 

sign of the limit as a constant then we obtain the following 
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The difference 0x x  is called an increment of the argument and 

is designated as x , and 0( ) ( )f x f x  is called an increment of the 

function and is designated as f .  

Using this notation the equality (4.3) can be presented as 

follows:  
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I.e. the function is called continuous at the point 0x  if 

infinitesimal increment of the function corresponds to infinitesimal 

increment of the argument at this point. 

The function ( )f x , defined in some neighbourhood of the point 

0x  at  0 0x x x x   is called continuous at the point 0x  on the left 

(right), if  
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 ).    (4.4) 

General name for function continuous on the left or on the right 

is one-sided continuous. 

 If a function is continuous at every point of some interval than it 

is called continuous in the whole interval. 



 If a function is continuous at each inner point of the segment 

 ,a b  and besides, it’s continuous on the left at the point a  and on the 

right at the point b  then it is called continuous in the segment  ,a b .  

It can be shown that all elementary functions are continuous 

at their domain of definition. 

 

 

 

Classification of Discontinuity Points 

 

As we noted equality (3.1) is true if the following five 

conditions hold true: 

1. The function  xf  is defined at the point 0xx   and some its 

neighborhood. 

2. There exists the right limit of the function 

    10
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3. There exists the left limit of the function 

    20
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4. One-sided limits are equal and their general value coincides with 

the limit of the function at the point 0xx  . 

5. Limit of the function is equal to value of the function at the point 

0xx  , i.e.    0
0

lim xfxf
xx


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If at least one of these conditions is false then it is said that the 

function has discontinuity at the point 0xx  . 

There we will distinguish points of discontinuity of the I-st and 

II-nd kinds. 



If a function has finite one-sided limits at a point of discontinuity 

then it is the point of discontinuity of the I-st kind.  

If at least one of one-sided limits tends to infinity or does not 

exist in essence then the point 0xx   is called the discontinuity point 

of the II-nd kind.  

In particular, if the property 1 and naturally 5 are false then the 

point 0xx   is called the point of removable discontinuity (the I-st 

kind). In this case it is possible to determine the value function at the 

point of discontinuity additionally and obtain the continuous function. 

If there exist finite one-sided limits but they are not equal to each 

other, i.e. 21 bb  , then the point 0xx   is called the point of 

discontinuity of the I-st kind «jump» ( 12 bb   is value of the function 

jump ). 

So to investigate the nature of discontinuity point of the function 

 xf  it is necessary:  

1. Find points at which the function might have breaks. 

2. Calculate the following one-sided limits: 

  1
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3. To define kind of the discontinuity taking into account the 

obtained values of these limits. 

Example 1. Let us consider the function 
x

x
y

sin
 . Obviously this 

function is not defined at the point 0x , but you know that the 

function has limit at the point 0x  and this limit is equal to 1, 

i.e. 1
sin

lim
0


 x

x

x
. Hence the given function has break at the point 0x . 

But this break is removable (I-st kind). Indeed if we define the 

function in the form 



 












,0if,1

,0if,
sin

x

x
x

x

xy  

then such function will continuous at the point 0x . 

Example 2. Investigate the function  
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x
xf  for continuity.  

Solution. 

1.  The function is defined for every x  except 20 x .  
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3. One-sided limits coincide, i.e. there exists 4
2
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x
, but the 

equality    2lim
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 is false as the value  2f  has no sense. 

There is a removable discontinuity at the point 20 x . Let us see how 

to make the point 20 x  be the continuous point. 

 Let us consider  xF  given as follows:  

 

















2if,4

2if,
2

42

x

x
x

x

xF . 

The value    xfxF   everywhere except 20 x . At the point 20 x  

the function  xf  is undetermined, and  xF  is equal to 4, that 

coincides with the value   4lim
2




xf
x

, i.e.  xF  is continuous at the 

point 20 x . 

We should mention that the main reason allowing us to obtain 

the continuous function  xF  from the discontinuous function  xf  is 

equality of its one-sided limits:    xfxf
xx 0202
limlim


 . 



Example 3. Investigate the function  



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xx

xx
xf  for 

continuity. 

Solution. The given function changes type of an analytical 

expression at the point 0x . So at this point it might have a break. 

The value of the function is equal to 2 at this point. Let us calculate 

one-sided limits: 

    02lim,22lim
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You can see that one-sided limits are not equal to each other. 

Therefore the function has a break of the I-st kind of the type 

“jump” (Fig. 3.3). 

Example 4. Investigate the function   1

1

3  xxf  for continuity. 

Solution. 

1.   An exponential function is continuous over range of definition, but 

the given function is undetermined at the point 10 x . 

2.   Let us calculate 03lim 1

1

01




x

x
, 



1
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01
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. 

3.   The point 10 x  is the point of discontinuity of the II-nd kind, as 

one of the one-sided limits tends to infinity.  
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Example 5. Research the function  
x

xf
1

  for continuity 

(Fig. 3.5). 

Solution. The given function is not defined at the point 0x . Let 

us calculate the one-sided limits  

    


xfxf
xx 00
lim,lim .  

Since these limits are infinite then the function has a break at the point 

0x  of the II-nd kind or infinite break. 

Example 6. Investigate the function 
x

y
1

arctan  for continuity. 

Solution. The function is not defined at the point 0x . Let us 

calculate the one-sided limits 
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So the right and the left limits exist, but they do not equal to each 

other. This discontinuity point of the I-st kind of type “jump” 

(Fig. 3.6).  

Example 7. Let function  
 2ln 


x

x
xf  be given. The function is 

not defined at two points 31 x  and 22 x . At that for point 22 x  it 
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is necessary to find the right limit only due to the function definition 

 2,02  xx . Let us calculate the one-sided limits. 

  ,lim
03
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So, points 31 x  and 22 x  are discontinuity hjints of the II-nd kind 

(Fig. 3.7). 

Example 8. Let us consider the function  
2

1

x
xf  . Here  

    


xfxf
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In the given case we deal with break of the II-nd kind as well 

(Fig. 3.8). 

 

 

4.5. Arithmetic operations on continuous functions.  

 

The theorem. Let the functions ( )f x  and ( )g x  be continuous at 

some point 0x x . Then the following functions will be continuous at 

this point: 

1. ( ) ( ), ( ) ( )f x g x f x g x  , 

2. ( ). ( )f x g x , 

3. 
( )

( )

f x

g x
 (considering 0( ) 0g x  ). 

The theorem( concerning stability of a sign of a continuous 

function). 
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If the function  f x  is continuous at the point x a  and if   0f a  , 

then there exists such  -neighbourhood of the point а that for all 

values of the argument of the mentioned  -neighbourhood, the 

function  f x  doesn’t vanish and has the sign correspondent to the 

sign of  f a . 

 

Continuity of a composite and an inverse functions 

 

The theorem. Let the function ( )x t  be continuous at some 

point а, and the function ( )y f x  be continuous at some point 

( )b a . Then the composite function ( ( ))y f t   will be continuous at 

the point  а. 

Let the function ( )y f x  be given on the segment  ,a b , and range of 

values of this function is the segment  ,  . Let each  ,y    have 

the only corresponding value  ,x a b  for which ( )f x y . Then on the 

segment  ,   we can define the function 1( )x f y  putting in 

conformity to each value  ,y    such value  ,x a b  that ( )f x y . 

The function 1( )x f y  is called inverse for the function ( )y f x . 

 The theorem. Let the strictly defined monotonic continuous 

function ( )y f x  be given on the segment  ,a b  and let 

( ), ( )f a f b   , ( )  . 

Then this function has a strictly monotonic and continuous inverse 

function 1( )x f y  or  x y  on the segment  ,  . 

 

3.10. Limit of Power-exponential Function 

 

 Let us consider the function    xv
xuy   which is called a power-

exponential one. Suppose that  

 
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At calculating    xuxv
xx

lnlim
0

 then there are possible the following 

cases: 

    a)  ab ,0 , 

 b) 0,0  ab , 

 c) 1,  ab . 

These cases are indetermination forms of the kinds  

      1,0,
00

 and they required specified investigation. 

 

 

Properties of the Functions, Continuous on Closed 

Interval 

 

Theorem 1. (The first theorem by Boltsano-Cauchy). If the 

function  xf  is  continuous on the closed interval  ba,  and takes on 

values of different signs at the end points of this interval, then there 

will be at least one point x  lying between the points a and b, at 

which the function vanishes:   0f ,  ba, . 
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 This theorem has a simple geometrical meaning. The graph of 

the continuous function  xfy   joining the points   afaM ,1  and 
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  bfbM ,2 , where     0,0  bfaf , cuts the x-axis in at least one 

point (Fig. 3.13). 

Theorem 2. (The second theorem by Boltsano-Cauchy). If the 

function  xf  is continuous on the closed interval  ba,  and takes on 

unequal values     BbfAaf  , , at the end points of this interval, 

then no matter what the number C , lying between numbers A  and B , 

there will be at least one a point  ba, , such that   Cf   

(Fig. 3.14). 

Theorem 3. (The first theorem by Weierstrass). If a function is 

continuous on the closed interval, then it is bounded on this interval.  

Note. From this theorem it follows that if the function  xf  is 

continuous on the closed interval  ba, , then there exist such finite 

numbers т and М, that all values of the function lie between these 

numbers, that is,   Mxfm  , x ,  bax ,  (Fig. 3.15). 

 The greatest of all possible numbers 

т is obviously 
 

 xf
bax ,

inf


 and the smallest 

of all possible numbers М is 
 

 xf
bax ,

sup


. 

We will mind further that namely these 

numbers т and М is under consideration. 

In connection with it there occurs the 

following question: are exist a points 0x  

and 1x , that belong to segment  ba,  and such that 
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    Mxfmxf  10 , ./ The answer gives the following theorem. 

Theorem 4. (The second theorem by Wierstrass). If the function 

 xf  is continuous on the closed interval  ba, , then it attains on this 

interval (at least one) the greatest value M and the smallest value m. It 

means that there are such points 0x  and 1x  on the interval  ba, , that 

    Mxfmxf  10 , . 

Note. If the function  xf  is bounded on the closed interval, but is 

not continuous, then the supremum and unfimum might be not 

reached. The function  
x

xf
1

arctan  defined on the segment  2,2  

is such example (Fig. 3.16). Indeed, 
2

1
arctansup

]2,2[




 x
, but there is no 

such point on the interval at which the function takes on this value. 
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