Practice 2

Techniques of Calculations of Limits

At calculating limits you have to remember the main properties of an
infinitesimal and infinitely large values.
Some Properties of Infinitesimals:
1. The sum of finite numbers of infinitesimals is also an
infinitesimal.
2. The product of an infinitesimal and bounded sequences
Is infinitesimal sequence
3, The product of an infinitesimals is infinitesimal.
Some properties of infinitely large values:
4. Sum of an infinitely large value and bounded value is an
infinitely large value.
5. Sum of infinitely large values of the same sign is an
infinitely large value of the same sign.
6. Product of two infinitely large sequences is infinitely
large sequence.
7. Product of infinitely large sequence and sequence which
does not turn into zero is infinitely large sequence.

The Connection Between Infinitely Large and
Infinitesimals
1)

1.Theorem. If {x,} is an infinitely large value then {an}z{—} is

an infinitesimal sequence.
2. Theorem. If {o,} is infinitesimal sequence and o, = 0 at each

n then {x, }= {i} is infinitely large sequence.
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1. Calculations of numerical sequence limit.

1. At calculating limits of a numerical sequence we often have the
cases when numerator approaches constant and denominator

approaches infinite al. For example
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In these cases we can apply property 4-7 and theorem 1 to find the
given limit. Obviously they will be equal to zero. Indeed
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2. If we deal with case when numerator approaches infinite and
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dominator approaches constant H then such limit will be

equal to infinite.

3. If numerator approaches infinite and dominator approaches

(0 0]
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infinite , then it is indetermination. And we need transform
the given expression. With this purposes we can apply
information about comparison of infinitesimals and infitely large
values.



2 Comparison of the Infinitesimals and infinitely
large values

Let the values o and B be infinitesimals values. If lim® =0, In

this case we will say that o is an infinitesimal value of the higher
order than B and write:

a.=0(B).
If lim % = o, then we will say that the infinitesimal o is value
of lower order than B. Obviously that in this case p=0(ct).

If lim > =c, where ¢ <o and c=0, then o and B are called

infinitesimals values of the same order. In this case we will write:

a=0"(B),or p=0"(ar).

If c=1, then infinitesimals are called equivalent ones. (« ~ f)

Definition. An infinitesimal o is called an infinitesimal of the k -th
order relative to an infinitesimal B, if a=0"(3"), that is, if

Iim% = C, where c is an arbitrary finite number which is not equal to

zero.
The next theorem is very useful at calculating limits
Theorem. The limit of the ratio of two infinitesimals does not
change if this ratio is changed by equivalent values.
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Theorem. At adding of two infinitesimal values of the different
order it is possible to ignore by infinitesimal of higher order, because
remain term will be equivalent to all sum.



Consequence. While calculation of limits we can ignore in
numerator and denominator by infinitesimals of higher order because
mlimit does not change since remain expressions be equivalent to
initial ones.

Presented theoretical material may similarly be formulated for
infinitely large values.

For example infinitely large value

(n°+2n®*-5n) ~ n°

Indeed
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The infinitely large value 4n” +2n°-10 ~ 4/n” =n*

Solution of examples from classwork
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Example 5.
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Solution. In the numerator first term
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The second term Let us compare and . 'You can
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see that 3/2>4/3. Hence infinitly large value Is ifinitly large one
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more higher order than . S0 we can ignore in the numeratot by
this value. As result we have that all numerator
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Analogously we can show that denominator is equivalentto . So
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Example 9.
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Note that
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Solution. Expression in parentheses is sum of an arithmetic
progression
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Homework Answers
Finding the limits of numerical sequences.
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Solving some examples from HOMEWORK.
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denominatoris sum of two inf iniftelylarge

im (n+1)* —(n—-1)* |values. Soitisinf infitely large. Itis equivalentto 2n*
> (n+1)" +(n—1)* | but numeratorisinderterminationof thetype o — .

Let's transformnumerator as
i ((n +1)* —(n-1)° X(n +1)* +(n —1)2): i 2n?((n? +2n+1)—(n? - 2n +1))

—

n—o0 2n4 N—o0 2n4
3
jim 2"~ 0
n—o 2N
EXAMPLE 16.
" (2n+1)* —(n—1)* |Itis possibleto show
im = _
> (2n+1)" +(n—1)* |that numerator~15n*, denominator ~17n*
15n* 15

Im = —
n>o17n* 17



This approach we can apply for functions with continuous
argument
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EXAMPLE 6.
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