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LECTURE 6 

 

4.15. The Differential 
 

Let a function  xfy   be differentiable on an interval  ba, . 

The derivative of this function at some point x  of  ba,  is determined 

by the equation 

 xf
x

y

x






 0
lim . 

As 0x  the ratio 
x

y




 approaches a definite number  xf   and, 

consequently, differs from the derivative  xf   by an infinitesimal: 

  



xf

x

y
, 

where 0  as 0x . 

Multiplying all terms by x  we get 

  xxxfy  .     (4.36) 

Since in the general case   0 xf  for a constant x  and variable 

0x , the product   xxf   is an infinitesimal of the first order 

relative to x . But the product x  is always an infinitesimal of 

higher order than x  because 

0limlim
00






 xx x

x
. 

Thus, the increment y  of the function consists of two terms. The first 

one is (when   0 xf ) the so-called principal part of the increment, 

and it is linear in x . The product   xxf   is called the differential of 

the function and is denoted by dy  or  xdf . 

And so if a function  xfy   has a derivative  xf   at the point 

x , the product of the derivative  xf   by the increment x  in the 
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argument is called the differential of the function and is denoted by the 

symbol dy : 

  xxfdy  .        (4.37) 

Find the differential of the function xy  ; here, 

  1


 xy , 

and, consequently, xdxdy   or xdx  . Thus, the differential dx  

of the independent variable x  coincides with its increment x . The 

equation xdx   might be regarded likewise as a definition of the 

differential of the independent variable, and then the foregoing 

example would indicate that this does not contradict the definition of 

the differential of the function. In any case we can write formula 

(4.37) as 

 dxxfdy  . 

But from this relationship it follows that 

 
dx

dy
xf  . 

Hence, the derivative  xf   may be regarded as the ratio of the 

differential of the function to the differential of the independent 

variable. 

Let us return to expression (4.36), which may be rewritten thus 

taking (4.37) into account 

xdyy  .    (4.38) 

Thus, the increment of a function differs from the differential of a 

function by an infinitesimal of higher order than x . If   0 xf , 

then x  is an infinitesimal of higher order that dy  and 

   
1lim1lim1lim

000














 xfxxf

x

dy

y

xxx
. 
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For this reason in approximate calculations one sometimes uses the 

approximate equation 

dyy         (4.39) 

or in expanded form 

      xxfxfxxf  .   (4.40) 

Or 

      xxfxfxxf  .   (4.41) 

Example 1. Let   xxf sin , then   xxf cos . In this case the 

approximate equation (4.41) takes the form 

  xxxxx  cossinsin . 

Let us calculate the approximate value of o46sin . Put 

4
45


 ox , 

180
1


 ox , 

1804





 xx . Substituting into (4.41) 

we get 

7191.00175.07071.07071.0
1802

2

2

2
46sin 


o

. 

The problem of finding the differential of a function is 

equivalent to finding the derivative, since, multiplying the latter by the 

differential of the argument we get the differential of the function. 

Consequently, most of theorems and formulas pertaining to 

derivatives are also valid for differentials. Let us illustrate this. 

The differential of the sum of two differentiable functions u  and 

v  is equal to the sum of the differentials of these functions: 

  dvduvud  . 

The differential of the product of two differentiable functions u  

and v  is determined by the formula: 

  vduudvuvd  . 

2v

udvvdu

v

u
d











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Example 5. xy 2tan , dx
x

xdy
2cos

1
tan2 . 

Example 6. xy ln1 , dx
xx

dy
1

ln12

1



 . 

4.2. Connection Between Continuity and 

Differentiability of a Function 
 

Let a function  xfy   be differentiable at a point 0x . It means 

that there exists the following limit  

 
x

y
xf

x 




 0
0 lim . 

Whence it follows that the value 




x

y
differs from its limit by 

infinitesimal value, that is, 

  



0xf

x

y
,    (4.9) 

where 0lim
0


 x

. So, 

  xxxfy  0 .   (4.10) 

Obviously formula (4.10) is true as x approaches zero in any manner.  

Theorem 1. If a function is differentiable at some point, then it is 

continuous at this point. 

■ Indeed by virtue of theorem condition the value  0xf   is finite 

number. But on base of equality (4.10), we get 

   0limlim 0
00




xxfy
xx

, 

which is what had to be proved.□ 

 The contrary statement is not always true. For example, the 

function 3 x  is continuous at the point 0x , but it is not 

differentiable at this point  
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4.16. The Geometric Meaning of the Derivative and 

Differential 

 

 

 

 

 

 
 

Let us give geometric interpretation of the 

derivative. To do this we should first define a tangent line to a curve 

at a given point. For this purpose let us take a curve with fixed point 

M on it. Taking the point M  on the curve we draw the secant MM   

(Fig. 4.1). If the point M  approaches the point M  without limit, the 

secant MM   will occupy various positions. If in the unbounded 

approach of the point M  (along the curve) to the point M , the secant 

tends to occupy the position of a definite straight line MT, then this 

line is called the tangent to the curve at the point M. 

Let us denote the point coordinates M as   00 , xfx . Increasing 

the argument x by x  we obtain the value of the function 

 xxfyy  00  corresponding to the new value of the argument 

xx 0 . The corresponding point on the curve we denote as 

 yyxxM  00
/ , . Draw the secant MM   and denote by   the 

angle formed by the secant and the positive x-axis. Form the ratio 






x

y
From Fig.4.1 it follows that 




tan

x

y
. It means that the ratio 

 0 

 y 

 

M 

M 

 x0 x0+x 

Fig. 4.1 

 xfy   

T 
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




x

y
is a slope of the secant MM  . If x0, then the point M  will 

move along the curve approaching point M . The secant will turn 

about point M and angle   will be changed with changing x  and 

approach the certain value of angle  , formed tangent line with the 

positive x-axis. So we have  

 0
00

limtanlimtan xf
x

y

xx








. 

Hence 

   tanxf , 

what means that the value of the derivative  xf   for the given value 

of the argument x is equal to the tangent of the angle formed with the 

positive x-axis and the tangent line to the graph of the function  xf  

at the corresponding point  yxM , . Using the geometric sense of the 

derivative function we can write the equation of the tangent line to the 

graph of the function at any point with coordinates   00 , xfx . It is 

obvious that such equation has the following form 

 

.      (4.7) 

 

Then the equation of the normal line to the given curve at the same 

point may be written as  

 

 

.            (4.8) 

 

 

 

 

Example 1. Form an equation of the tangent line and the normal to 

the curve 
x

y
1

  at the point М(2, 1/2).  

Solution. Let us determine the derivative of the given function  

  000 xxxfyy   

 
 0

0

0

1
xx

xf
yy 


  



 97 

2

1

x
y   

and calculate its value at the given point  
4

1
2 y . Then the 

equation of the 

tangent line is: 

 24
2

1
 xy . 

Equation of the normal line is 

  ;04;224,2
4

1

2

1
 xyxyxy  

Example 2. Find the angle of the 

intersection of the curves 2xy   and xy   

at the point М(1,1), (Fig. 4.4). From the 

equations we find the derivatives  

xy 2 , 
x

y
2

1
 , 

then the slopes of the tangent lines at the 

point М (1,1) are 

2

1
,2 21  kk . 

To find a sought angle we can use the following formula 

21

12

1
tan

kk

kk




  (tangent of an angle between two straight lines with 

slopes 1k  and 2k ). Then 

4

3

2
121

2
12

tan 



 . 

2xy   

М 

0 

y 

x 

Fig. 4.4 



1 

1 

xy   
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Example 3. Find the equation of the 

tangent line to the curve 142 2  xxy  if 

it is known that the sought tangent line is 

parallel to straight line 032  yx . 

 

Solution. In the given case a point 

 00 , yx  of the tangency is not known. But it is known the slope of 

tangent 
2

1
k . Therefore we can determine the derivative and put it 

equal to 
2

1
 . So, 44  xy , then 

2

1
44 0 x , 

whence 

8

1
10 x , 

from this it follows 

8

9
0 x , 

32

95
1

2

9

32

81
0 y . 

 So, the equation of sought tangent is: 











8

9

2

1

32

95
xy . 

Normal line at the given point has the following equation 

0236432;72649532;
8

9
'2

32

95









 xyxyxy  

.  

4.12. Parametric Representation of a Function 
 

Let two equations be given 

 
 








ty

tx
,     (4.26) 

O 

y 

x 

Fig. 4.5 

–3 

3 1 –2 

1 
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where t  is a parameter. Values of this parameter lie in the interval 

 21,TT . To each value of t  there corresponds values of x  and y  (the 

functions   and   are assumed to be single-valued). If one regards 

the values of x  and y  as coordinates of a point in the coordinate xy -

plane, then to each value of t  there will correspond a definite point in 

the plane. And when t  varies from 1T  to 2T , this point will describe a 

certain curve. Equations (4.26) are called parametric equations of this 

curve, t  is the parameter. 

Let us further assume that the function  tx   has an inverse 

one,  xΦt  . Then, obviously, y  is a function of x : 

  xΦy  .       (4.27) 

Thus, equations (4.26) define y  as the function of x  and we say that 

the function y  of x  is represented parametrically. 

The explicit expression of the dependence of y  on x ,  xfy   

is obtained by eliminating the parameter t  from equations (4.26). 

 

4.13. The Equations of Some 

Curves in Parametric Form 
 

1. Circle. Consider a circle with center at 

the coordinate origin and with radius r  

(Fig. 4.6). Denote by t  the angle formed by 

the x -axis and the radius to same point 

 yxM ,  of the circle. Then the coordinates 

of any point on the circle will be expressed 

in terms of the parameter t  as follows: 









,sin

,cos

try

trx
   20 t . 

 y 
 r 

 t 

 0 

M(x,y) 

 y 

 x 

Fig. 4.6 

 

9 

 x 
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These are the parametric equations of the circle. If we eliminate the 

parameter t  from these equations, we will have an equation of the 

circle containing only x  and y . Squaring the parametric equations 

and adding, we get 

 ttryx 22222 sincos   

or 
222 ryx  . 

 What is well-known equation of circle. 

2. Ellipse. Let the equation of the ellipse be given 

1
2

2

2

2


b

y

a

x
.       (4.28) 

Put     tax cos . 

Substitute this expression into equation (4.28). Then we get 

tby sin . 

The equations 









,sin

,cos

tby

tax
   20 t    (4.29) 

are the parametric equations of the ellipse. 

Let us find out the geometrical 

meaning of the parameter t . Draw two 

circles with centers at the coordinate origin 

and with radii a  and b  

(Fig. 4.7). Let the point  yxM ,  lie on the 

ellipse, and let B  be a point of the large 

circle with the same abscissas as M . Denote 

by t  the angle formed by the radius OB  

with the x -axis. From the figure 4.7 it follows directly that  

taOPx cos ,          (4.30) 

tbCQ sin . 

 t 
 0 

B 

 y 

 x 

Fig. 4.7 

C 

Q P 

M(x,y)  b 

 a 
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From (4.30) we conclude that yCQ  ; in other words, the straight 

line CM  is parallel to the x -axis. 

Consequently, in equations (4.28) t  is an angle formed by the 

radius OB  and the axis of abscissas.  

The angle t  is sometimes called an eccentric angle. 

3. Cycloid. The cycloid is a curve described by a point lying on the 

circumference of a circle if the circle rolls upon a straight line without 

sliding (Fig. 4.8).  

The equations 

 
 








tay

ttax

cos1

sin
,    20 t   (4.31) 

are the parametric equations of the cycloid. As t  varies between 0  and 

2 , the point M  will describe one arch of the cycloid. 

4. Astroid. The astroid is a curve represented 

by the following parametric equations: 









tay

tax
3

3

sin

cos
,   20 t . (4.32) 

Raising the terms of both equations (4.32) to 

the power 32  and adding, we get the 

following relationship between x  and y : 

 ttayx 223

2

3

2

3

2

sincos   

 a 

4

a
 

 0 

 y 

 x 

Fig. 4.9 

A A 

M 
 t 

 0 B 

 y 

 x 

Fig. 4.8 

C 

K 

P 
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or 

3

2

3

2

3

2

ayx  .     (4.33) 

It is possible to show that this curve has the form shown in (Fig. 4.9). 

It can be obtained as the trajectory of a certain point on the 

circumference of a circle of radius 4a  rolling (without sliding) upon 

another circle of radius a  (the smaller circle always remains inside the 

larger one, see (Fig. 4.9)). 

Note 2. It will be noted that equations (4.32) and equation (4.33) 

define more that one function  xfy  . They define two continuous 

functions on the interval axa  . One takes on nonnegative 

value, the other no positive value. 

 

4.14. The Derivative of a Function Represented 

Parametrically 
 

Let a function y  of x  be represented by the parametric 

equations 

 
 








ty

tx
,  Ttt 0 .    (4.34) 

Let us assume that these functions have derivatives and that the 

function  tx   has an inverse one,  xt  , which also has a 

derivative. Indeed 
 

 

 

 t

t

dtt

dtt

dx

dy
y x

















  

 
 t
t

yx







  

or 

t

t
x

x

y
y




 . 
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The derived formula permits to find the derivative xy  of a 

function represented parametrically without necessary to present to 

find y  as a function of x . 

Example 1. The function y  of x  is given by the parametric 

equations 









,sin

,cos

tay

tax
   t0 . 

Find the derivative 
dx

dy
: 

a) for any value of t ; 

b) for 
4


t . 

Solution. 

a) 
 

 
t

ta

ta

ta

ta
y

x
cot

sin

cos

cos

sin









 ; 

b)   1
4

cot
4







tx
y . 

Example 2. Find the slope of the tangent to the cycloid 

 
 








,cos1

,sin

tay

ttax
 

at an arbitrary point   20 t and if . 
2


t  

Solution. The slope of the tangent at each point is equal to the value 

of the derivative xy  at that point, i.e., it is 

t

t
x

x

y
y




 . 

But 

 taxt cos1 , tayt sin . 

Consequently,  
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 













22
tan

2
cot

2
sin2

2
cos

2
sin2

cos1

sin

2

tt

t

tt

ta

ta
y

x


. 

 

 

 

1
4

tan
42

tan
2






























xy  

Hence, the slope of the tangent to a cycloid at every point is equal to 













22
tan

t
, where t  is the value of the parameter corresponding to 

this point. But this means that the angle   of inclination of the tangent 

to the x -axis is equal to 
22

t



 (for values of t  lying between   and 

 ). Indeed, the slope is equal to the tangent of the angle of inclination 

  of the tangent to the x -axis. And so 












22
tantan

t
 and 

22

t



  for those values of t , for which 

22

t



 lies between 0  and 

 . 

 

4.17. Derivatives of Different Orders 
 

Let a function  xfy   be differentiable on same interval  ba, . 

Generally speaking, the values of the derivative  xf   depends on x , 

what means that the derivative  xf   is also a function of x . 

Differentiating this function we obtain the so-called second derivative 

of the function  xf . 
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The derivative of the first derivative is called a derivative of the 

second order or the second derivative of the original function and is 

denoted by the symbol y   or   34 205 xxy 


 : 

   xfyy 
 . 

For example, if 5xy  , then 

45xy  ,   34 205 xxy 


 . 

The derivative of the second derivative is called a derivative of 

the third order or the third derivative and is denoted by y   or  xf  . 

Generally, a derivative of the n -th order of a function  xf  is 

called the derivative (first-order) of the derivative of the  1n -th 

order and is denoted by the symbol  ny  or   xf n : 

       xfyy nnn 


 1 . 

The order of the derivative is taken in parentheses so as to avoid 

confusion with the exponent of a power. 

Derivatives of the fourth, fifth and higher orders are also denoted 

by Roman numerals: IVy , Vy , VIy , … . Here, the order of the 

derivative may be written without brackets. For instance, if 5xy  , 

then 45xy  , 320xy  , 260xy  ,   xyy IV 1204  , 

  1205  yyV ,     0...76  yy . 

Example 1. Let the a function kxey   ( constk  ) be given. Find 

the expression of its derivative of any order n . 

Solution. kxkey  , kxeky 2 , …,   kxnn eky  . 

4.18. Differentials of Higher Orders 
 

 Suppose we have a function  xfy  , where x  is the 

independent variable. The differential of this function 
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 dxxfdy   

is some function of x , but only the first factor  xf   can depend on x ; 

the second factor, dx , is an increment of the independent variable x  

and is independent of the value of this variable. Since dy  is a function 

of x  we can calculate the differential of this function. 

 The differential of the differential of a function is called the 

second differential or the second-order differential of the function and 

is denoted by yd 2 : 

  yddyd 2 . 

 Let us find the expression for the second differential. By virtue 

of the general definition of the differential we have 

   dxdxxfyd
2 . 

Since dx  is independent of x , dx  is taken outside the sign of the 

derivative upon differentiation, and we get 

  22 dxxfyd  . 

When writing the degree of a differential it is common to drop the 

brackets; in place of  2dx  we write 2dx  to mean the square of the 

expression dx ; in place of  3dx  we write 3dx ,etc. 

 The third differential or the third-order differential of a function 

is the differential of its second differential: 

       3223 dxxfdxdxxfyddyd 


 . 

Generally, the n-th differential is the first differential of a differential 

of the  1n -th order: 

      dxdxxfyddyd nnnn 
  111 , 

   nnn dxxfyd  .    (4.42) 
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Using differentials of different orders we can represent the 

derivative of any order as a ratio of differentials of the appropriate 

orders: 

 
dx

dy
xf  ,  

2

2

dx

yd
xf  , ...,   

n

n
n

dx

yd
xf  .      (4.43) 

 

 


