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Lecture 7 

4.17. Derivatives of Different Orders 
 

Let a function  xfy   be differentiable on same interval  ba, . 

Generally speaking, the values of the derivative  xf   depends on x , 

what means that the derivative  xf   is also a function of x . 

Differentiating this function we obtain the so-called second derivative 

of the function  xf . 

The derivative of the first derivative is called a derivative of the 

second order or the second derivative of the original function and is 

denoted by the symbol y   or : 

   xfyy 
 . 

For example, if 5xy  , then 

45xy  ,   34 205 xxy 


 . 

The derivative of the second derivative is called a derivative of 

the third order or the third derivative and is denoted by y   or  xf  . 

Generally, a derivative of the n -th order of a function  xf  is 

called the derivative (first-order) of the derivative of the  1n -th 

order and is denoted by the symbol  ny  or   xf n : 

       xfyy nnn 


 1 . 

The order of the derivative is taken in parentheses so as to avoid 

confusion with the exponent of a power. 

Derivatives of the fourth, fifth and higher orders are also denoted 

by Roman numerals: IVy , Vy , VIy , … . Here, the order of the 

derivative may be written without brackets. For instance, if 5xy  , 

then 45xy  , 320xy  , 260xy  ,   xyy IV 1204  , 

  1205  yyV ,     0...76  yy . 
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Example 1. Let the a function kxey   ( constk  ) be given. Find 

the expression of its derivative of any order n . 

Solution. kxkey  , kxeky 2 , …,   kxnn eky  . 

4.18. Differentials of Higher Orders 
 

 Suppose we have a function  xfy  , where x  is the 

independent variable. The differential of this function 

 dxxfdy   

is some function of x , but only the first factor  xf   can depend on x ; 

the second factor, dx , is an increment of the independent variable x  

and is independent of the value of this variable. Since dy  is a function 

of x  we can calculate the differential of this function. 

 The differential of the differential of a function is called the 

second differential or the second-order differential of the function and 

is denoted by yd 2 : 

  yddyd 2 . 

 Let us find the expression for the second differential. By virtue 

of the general definition of the differential we have 

   dxdxxfyd
2 . 

Since dx  is independent of x , dx  is taken outside the sign of the 

derivative upon differentiation, and we get 

  22 dxxfyd  . 

When writing the degree of a differential it is common to drop the 

brackets; in place of  2dx  we write 
2dx  to mean the square of the 

expression dx ; in place of  3dx  we write 
3dx ,etc. 

 The third differential or the third-order differential of a function 

is the differential of its second differential: 
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       3223 dxxfdxdxxfyddyd 


 . 

Generally, the n-th differential is the first differential of a differential 

of the  1n -th order: 

      dxdxxfyddyd nnnn 
  111 , 

   nnn dxxfyd  .    (4.42) 

Using differentials of different orders we can represent the 

derivative of any order as a ratio of differentials of the appropriate 

orders: 

 
dx

dy
xf  ,  

2

2

dx

yd
xf  , ...,   

n

n
n

dx

yd
xf  .      (4.43) 

 

 

INVESTIGATION OF THE BEHAVIOUR OF FUNCTIONS 
 

5.1. The Mean-Value Theorems of Differential 

Calculus 
 

Theorem 1. (Theorem by Fermat). Let a function  xf  be 

defined on an interval  ba,  and taken its the greatest value (the 

smallest) at some interior point of the interval. Then if it is 

differentiable at this point its derivative vanishes at this point, i.e.  

  00  xf . 

    

The proved theorem geometrically means that 

tangent to graph of function  xf  is parallel to 

axis Ox  at the point М (Fig. 5.1). 

If function  xf  is not differentiable at the 

point 0x  then conditions of Fermat theorem and its assertion has not 

place (Fig. 5.2). 

 x 

 y 

O 

Fig. 5.1 

 M 

 x0 

 b 

 a 
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Theorem 2. (Rolle’s Theorem). Let a function  xf  be: 

1) continuous on an interval  ba, ; 

2) differentiable at all interior points of the interval  ba, ; 

3) taken the same value at the end points    bfaf  . 

Then inside of the interval there exists at least one point at which the 

derivative of the function vanishes. That is   0f . 

Note 4. It is obvious that points like to ξ, may be several ones 

(Fig.5.8). 

Note 5. Let     0 bfaf  (in this case the numbers a and b are 

called the roots of the functions  xf ). Then its particular case follows 

from Rolle’s theorem. 

Theorem 2. Between two roots of the differentiable function there 

is at least one root of its derivative.  
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Theorem 3. (Theorem by Lagrange). Let a function  xf  be: 

1) continuous on the interval  ba, ; 

2) differentiable at all interior points of the interval  ba, . 

Then there will be, at least one point ξ  ba   within ba, , such 

that the following equality  

   
 




f

ab

afbf
 

is valid. 

In geometric sense this theorem means that there is at least one 

point М on curve 


AB  at which tangent is parallel to chord АВ, to 

graph of function  xf  (Fig. 5.10). 

 

Note 1. If    afbf   then it follows that   0f . It means that 

theorem by Lagrange is reduced to theorem by Rolle.  

From theorem by Lagrange it follows one further fact, which 

will be used below. Let us assume that the following identity  

  0 xf  

is fulfilled for a function  xf . 

Take arbitrary values 1x , 2x  and apply theorem by Lagrange on the 

interval  21, xx . Then we get  

   
 




f

xx

xfxf

21

21 . 

But   0f . It means that    21 xfxf  . Since the values 1x  and 2x  

 f(b)-f(a) 
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are an arbitrary then   constxf   for all x. Proved statement is inverse 

to proved one in chapter IV, where it had been proved that if 

  constxf  , then   0 xf . 

Theorem 4. (Theorem by Cauchy). Let functions  xf  and 

 x  be: 

1) continuous on interval  ba, ; 

2) differentiable within  ba, ; 

3)  x  does not vanish anywhere inside of the interval  ba, . 

Then there will be at least one point  ba, , such that the relation 

   
   

 
 






 f

ab

afbf
 

holds true. 

. 

Note 1. It is obvious that theorem by Lagrange is particular case of 

Cauchy theorem if function xx  )( . 

Note 2. Theorems by Rolle, Lagrange and Cauchy are called mean-

value theorems of differential calculus. 

 

5.2. L’Hospital’s Rule for Evaluating Indeterminate 

Forms of the Type 
0

0
 

Theorem. Let functions  xf  and  x  vanish at point ax   

    0 aaf and satisfy the conditions of the theorem by Cauchy  

in some neighbourhood of this point. Then if 
 
 x

xf

ax 




lim  (finite or 

infinite) exists then 
 
 x

xf

ax 
lim  exists too and both limits are equal. 

L’Hospital rule is expressed as 



 97 

 

 
 

 
 x

xf

x

xf

axax 




 
limlim  

This rule is very convenient to evaluate indeterminate forms of the 

type 
0

0
. 

We suppose that а is some finite number. But it is possible to 

prove, that If x  then  

 
 

 
 x

xf

x

xf

xx 




 
limlim . 

 

Example 1. Let us calculate limit 
xx

xx

x dc

ba
A






0
lim . Direct 

substitution gives 
0

0
A , it is obvious that condition of the theorem is 

fulfilled so we can use L’Hospital’s rule. 

d

c
b

a

dc

ba

ddcc

bbaa
A

xx

xx

x
ln

ln

lnln

lnln

lnln

lnln
lim

0













. 

Example 2. 

2
2

sinlim2

2
sin2

1

1
lim

0

0

2
cot

lim0
2

tan)(lim 2

2













x

x

x

xx
x

xxxx 


 . 

Example 3. Calculate 
30

sintan
lim

x

xx

x




. 

Solution. Using L’Hospital’s rule we obtain 



 98 

0

0cos1
lim

3

1

cos3

cos1
lim

3

cos
cos

1

lim
0

0sintan
lim

2

3

22

3

02

2

030 x

x

xx

x

x

x
x

x

xx
A

xxx















. 

As indetermination 
0

0
 is obtained than we use L’Hospital’s rule again. 

2

1

2

sin
lim

2

)sin(cos3
lim

3

1

0

2

0





 x

x

x

xx
A

xx
. 

Generally we should combine L’Hospital’s rule with elementary 

techniques of the limit calculation.  

 

5.3. Evaluating Indeterminate form 



 Using 

L’Hospital’s Rule 
 

Theorem. Let functions  xf  and  x  be differentiable in some 

neighborhood of the point ax  , except may be this point. Derivative 

of the function  x  does not vanish everywhere in this neighborhood, 

that is,   0 x  and functions 

  xf  and    x  as ax  . 

Then if 
 
 x

xf

ax 




lim  exists then 

 
 x

xf

ax 
lim  

exists and both limits are equal. 

Note. As in case of indeterminate form 
0

0
, it is easy to show that 

L’Hospital’s rule is true when x . 

Example 1. Let us consider 
n

x

x x

a


lim , where 1a , n is some natural 

number. Direct substitution gives indeterminate form 



. Applying п 

times L’Hospital’s rule we obtain  

x x1 x2 a 

Fig. 5.13 
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 
 

 





 !

ln
lim...

1

ln
lim

ln
limlim

2

2

1 n

aa

xnn

aa

nx

aa

x

a
nx

xn

x

xn

x

xn

x

x
. 

Example 2.  

  0lim
1

1

lim
1

ln
lim0lnlim

0

2

000







x

x

x

x

x
xx

xxxx
. 

Example 3. Using L’Hospital’s rule we obtain 

2
tglim

cos1

cos1
lim

sin

sin
lim 2 x

x

x

xx

xx

xxx 










. 

The last limit does not exist but previous limit exists and is equal 

to 1. But it does not contradict to L’Hospital’s rule, which states that if 

 
 x

xf

ax 




lim  exists then 

 
 x

xf

ax 
lim  exists and both limits are equal.  

 

5.4. Evaluating Power-Exponential Indeterminate 

Forms 
 

Let us calculate    )(
lim

x

ax
xf




 in one of 3 cases : 

1)     


xxf
axax

lim,1lim  (indeterminate forms 1 ); 

2)     0lim,0lim 


xxf
axax

 (indeterminate forms 00 ); 

3)     0lim,lim 


xxf
axax

 (indeterminate forms 0 ). 

In all cases we should do the same. Let us assign    yxf
x


 )(
. 

Then      xfxy lnln  , so 

   xfxy
axax

lnlimlnlim 


. 
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It is easy to see that in all 3 cases we have on the right 

indeterminate form 0 , which can be reduced to forms 
0

0
 or 




. 

Evaluating this indeterminate form by L’Hospital’s rule we obtain 

    Axfx
ax




lnlim , 

where А is some number, so Ay
ax




lnlim , i.e. Ay
ax




limln . So 

A

ax
ey 


lim . 

Example. Let us calculate  xx

x
xe

1

0
3lim 


. Direct substitution gives 

indeterminate form 1 . Let us assign  xx xey
1

3 
. Then 

 xe
x

y x 3ln
1

ln   , 

so 

 
,2

1

31

1

3

3

lim
0

03ln
limlnlim

000





















xe

e

x

xe
y

x

x

x

x

xx
 

2

0
lim ey
x




. 

Note. Indeterminations  of type 00

0

,0,1 




x

 may be calculated without 

taking logarithms, using the main logarithm identity ba
ba 

log . So 










ba
b ea

ln

or  ab
ba

b eea ln
ln









. That’s      xfxx exf ln)(   , and  

 

      xfxx exf lnlim)(lim   . 

So   x

xxe

x
xxe

xxxx

x
eexe














 















 






3ln

lim
0

3ln
1

lim
0

1

0
3lim  
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Now we can calculate 

 
 

2
1

31

31

3

0

03ln
lim

0
lim

0



















 xe

e

x

xe
x

x

x

x

x
 

Answer: 2lim ey   

 
 

5.5. Theorems About Increase and Decrease of a 

Function on an Interval 
 

A function  xf  increases on an interval  ba,  , if for any values 

of its arguments  baxx ,, 21   such that 12 xx  , the following 

inequality  

   12 xfxf   is fulfilled, that is  

      1212 xfxfxx  . 

Similarly the decrease of function is defined. 

Theorem 1. If a function  xf  increases on an interval  ba,  and 

has derivative on this interval then its derivative on  ba, is not 

negative, that is    baxxf ,,0  . 

that is,  

  00  xf . 

Example. The function 
3xy   increases for all real 

value of x. Let us calculate its derivative  
23xy  , 

i.e. 0y  for all х, except of point 0x , at which 

0y  (Fig. 5.15). 

Theorem 2. If the function  xf  is continuous on 

the interval  ba, , differentiable on  ba,  and its derivative is positive 

for all bxa   then the function increases on the interval  ba, . 

 x 

 O 

 y 

Fig. 5.15 
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■ Let    baxxf ,,0  . Let us consider any two points  bax ,1  

and  bax ,2  , such that 12 xx   and prove that    12 xfxf  . 

By Lagrange’s mean-value theorem we have  

   
 




f

xx

xfxf

12

12 .   (5.7) 

Since  21, xx , then  ba, , and hence   0f . By 012  xx , 

then from (5.7) it follows that     012  xfxf . □ 

There are similar theorems for a decreasing (differentiable ) 

function as well. 

Theorem 3. If a function  xf  decreases on an 

interval  ba,  and has derivative on this interval 

then its derivative on  ba,  is not positive, that is 

   baxxf ,,0   (Fig. 5.16). 

Theorem 4. If the function  xf  is continuous 

on the interval  ba, , differentiable on  ba,  and 

its derivative is negative for all bxa   then the function decreases 

on the interval  ba, . These theorems may be proved like to previous 

ones.  
 

5.6. Extremum of a function 
 

Definition of maximum. A function has a 

maximum at the point 0x  if there exists some 

neighbourhood  ,  of 0x  that for all points х from 

this neighbourhood  ,  different from 0x  the 

inequality    0xfxf   is fulfilled. That is the value of the function 

 xf  at the point 0x  is greater than its value at all points of certain 

interval containing the point 0x  (Fig. 5.17). In other words, the 

 x 

 y 

O 

Fig. 5.17 

 x0 

 x 

 y 

 O 

 Fig. 5.16 

 b  a 
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function  xf  has a maximum when 0xx  , if    00 xfxxf   for 

any x  (positive and negative) that are sufficiently small in absolute 

value. 

If for all points х from some neighbourhood 

 ,  of 0x  different from 0x  the inequality 

   0xfxf   is fulfilled, then it is said that 

function  xf  has minimum at the point 0x  

(Fig5.18). 

The general term for maxima and minima of a function is 

extremum (extrema) or extreme  of the function. 

Let us assume that a function  xf  has extremum at the point 

0x . It means that there exists such interval containing this point 0x  

that value of  0xf  is the greatest or smallest value of the function 

 xf  over a given interval. Then there is possible two cases: 

1. A function  xf  is differentiable at the point 0x . Then by 

virtue of Fermet theorem,   00  xf . 

2. A function  xf  is not differentiable at the point 0x . In this 

case  0xf   does not exist. 

The case 2 is illustrated by example of function 

3 2xy  , which has a minimum at the point 0x  

(Fig. 5.19), but its derivative 
33

1

x
y   does not exist 

at this point. 

So we proved the necessary condition for the existence of an 

extremum.  

Theorem. If a function  xfy   has a maximum or minimum 

(extremum) at a point 0xx  , then its derivative 

 x 

 y 

 O 

Fig. 5.18 

 x0 

 x  O 

 y 
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 x  O 

 y 

Fig. 5.20 
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vanishes at this point or does not exist. The contrary statement is not 

correct. That is if a derivative vanishes or does not exist at a point 

0xx   it does not yet mean follow that a function will have extremum 

at this point (Fig. 5.20). 

The values of the argument  for which the derivative vanishes or 

is discontinuous are called critical points or critical values.  

 

5.7. Sufficient Сondition for 

Existence of an Extremum (the First Rule) 
 

Theorem. Let a function  xf  be continuous on some interval, 

containing a critical point 0xx   and differentiable at all points of the 

interval (with the exception, possibly, of the point 0xx   itself). If in 

moving from left to right through this point the derivative changes 

sign from «+» to «–» then the function 

 

has a maximum at point 0xx   (Fig. 5.21, 5.22). But if in moving 

through the point 0xx   from left to right the derivative changes sign 

from «–» to «+» the function has a minimum at this point 

(Fig.5.23,5.24). 

If in moving through the point 0xx   

from left to right the derivative does not 

change sign, then extremum does not exist at 
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this point. But if in this case the derivative vanishes at this point 

  00  xf , then corresponding point М of the function graph is called 

point of inflection with horizontal tangent (Fig. 5.25). 

So the following theorem is valid.  

Theorem. In order a function had extremum at a point it is 

necessary and sufficiently that its derivative changes sign while 

passing through this point. 

 

5.8. Testing a Differentiable Function 

for Maximum and Minimum with a Help of the First 

Derivative 
 

The preceding theorem permits us to formulate a rule for testing 

a differentiable function  xfy   for maximum and minimum.  

1. Find the first derivative of the function, i.e.  xf  . 

2. Find the critical points; to do this let us: 

 a) equate the first derivative to zero and find the real roots of the 

equation   0 xf ; 

b) find the values of x at which the derivative  xf   is 

discontinuous. 

3. Investigate the sign of the derivative on the left and right of the 

critical point. Since the sign of the derivative remains constant on the 

interval between two critical points, it is sufficient, for investigating 

the sign derivative to calculate their values at any points lying 

between two critical points. 

4. Evaluate the value of the function  xf  for every extremum value 

of the argument. 

Example. Investigate the function 132
8

3 234  xxxy  for 
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extremum.  

Solution. 

1. Let us find the first derivative  

   2223 2
2

3
44

2

3
66

2

3
 xxxxxxxxy . 

2. Find the real roots of the derivative. The derivative vanishes at two 

points
*)

: 01 x  and 22 x . It means that these points are critical ones. 

The derivative is everywhere continuous and so there 

are no other critical points. 

3. Investigate the character of the critical points 

obtained  and record the results in Fig. 5.26. 

Since   02
2
x  for all х, then value y 

changes its sign with «–» on «+», in moving from 

left to right through the point 0x . Hence the function has minimum 

at the point 0x  (at that   10 y ). In moving from left to right 

through the point 2x  sign of derivative y doesn’t change, because 

on the left and on the right from this point it will be 0y . 

Consequently the function has not extremum at the point 2x , 

Fig. 5.26. 

 

5.9. Testing a Function for 

Maximum and Minimum by a Second Derivative 
 

Let the derivative of the function  xfy   vanish at 0xx  ; we 

have   00  xf . Also let the second derivative  xf   exists and be 

continuous in some neighbourhood of the point 0x . Then the 

following theorem holds. 

                                                 
*)

 A Point is called stationary one if derivative of a function vanishes at this point.  

 x  O 

 y 

 Fig. 5.26 
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Theorem. Let   00  xf ; then the function has a maximum if 

  00  xf  and a minimum if   00  xf  at 0xx  . 

■ Let us prove the first part of the theorem. Suppose that  

  00  xf  and   00  xf . 

Since the second derivative  xf   is continuous in some small 

interval about the point 0xx   there will exist some small closed 

interval about the point 0xx  , at all point of which the second 

derivative  xf   will be negative. Since  xf   is the first derivative of 

the first derivative,      xfxf , it follows from the condition 

   00 
 xf  that  xf   decreases on the closed interval containing 

0xx  . But   00  xf , and so on this interval we have   0 xf  

when 0xx   and   0 xf  when 0xx  . In other words, the derivative 

 xf   changes sign from plus to minus when passing through the point 

0xx  . And this means that the function has a maximum at the point 

0xx  . The first part of the theorem is proved. The second part of the 

theorem is proved in similar fashion. □ 

Note. If   00  xf  at the critical point, then there may be either a 

maximum or a minimum or neither maximum non minimum at this 

point. This case, should be investigated by the first method.  

Example. Investigate the function 23 32 xxy   for extremum. 

Find a derivative and stationary points  

 1666 2  xxxxy , 

thus a stationary points are: 1,0 21  xx . Further find the second 

derivative  

612  xy  

and calculate its values at these points 
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 y 

Fig. 5.27 

 -1 

 1 



 108 

    061,060  yy . 

Consequently the function has maximum at the point 0x  and 

minimum at the point 1x  (Fig.5.27). 

 

5.10. The Greatest and the Smallest Values 

of a Function on an Interval 
 

Let a function  xf  be continuous on closed interval  ba, . In 

this case a function reaches its the greatest and smallest values on an 

interval. If the largest (smallest) value a function takes at interior point 

of an interval, then this point is maximum (minimum) point. But the 

greatest (smallest) value a function could reach at one of the end 

points of the interval as well.  

Consequently, from the foregoing we get the following rule: if it 

is required to find the greatest 
 

 xfM
ba,

max  and the smallest 

 
 xfm

ba,
min  of a continuous function on closed interval  ba,  the 

following steps should be done: 

1. Find all maxima and minima of a function on the interval. 

2. Calculate the values of the function  xf  at the end points а 

and b, that is, calculate    bfaf , . 

3. Choose the greatest and the smallest ones of all the obtained 

values. 

Example. Determine the greatest and the smallest values of the 

function 11232 23  xxxy  on the interval  2,4 . 

Solution. The first let us find the stationary points  

1266 2  xxy . 

0y , or 

022  xx , 

roots of this equation are: 2,1 21  xx . 
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Calculate the values: 

        52,314,212,61  ffff . 

Hence 

    31min,21max
42


 xx

xfxf

  

(on Fig.5.30 for conveniently it is 

taken different scales on axis Ox  and 

Oy ). 

 

 

 

5.11. Applying the Theory Maxima and Minima 

of Functions to the Solving Problems 
 

The theory of maxima and minima is applied to the solving 

many geometry, mechanics problems and so forth. Let us examine a 

few.  

Problem. From angles of sheet square with side а (Fig. 5.33) it is 

required to cut the same squares so that it may 

be done a box, whith the greatest capacity. 

What size should be cut squares ? 

Let us denote the side of cut squares by x. 

It is easy to note that box capacity will be equal 

to volume of parallelepiped: 

    xxaxV
2

2 . 

It is required to find the such value of 







2
,0
a

x , that the value  xV  

will take the greatest value on the interval 






2
,0
a

. 

 x 

 V 

 O 

Fig. 5.34 
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  x0 

 x O 

 y 
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Since   0
2

0 









a
VV  and also   0xV  










2
,0
a

x , then sought 

value of х is interior stationary point of the function  xV  (compare 

with Fig. 5.31). 

So we have     22322 12844 xaxaxaxxaxV 


 . 

Therefore for stationary points we get  

12

24

12

12164 22

2,1

aaaaa
x





 , 

that is, 
6

,
2

21

a
x

a
x  . Obvious that value 1x , satisfies equation 

  0 xV , but it is not solution of the given problem. It means that the 

sought solution х is equal to 
6

a
. 

 

 


