Practice 6.
Calculation of the derivatives
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Examples for training

Find derivative of the following functions:

V3x* -6

2.Geometric application of the derivative

1. Define the point where the tangent, drawn to the parabola y = x? is parallel to
the straight line y =4x—5;

Solution 1. Slope of the tangent line coisides with derivative of the function in
tangency point. In the given case point of the tangency is not known. But

Y =(x*) = 2%, =2%,

If the tangent line is parallel to straight line y=4x-5, so their slopes are equal
each to other. Slope of the given straight line is equal to 4. So we have that



2%y =4,= Xy = 2. Now we can find ordinate of the tangency point

Yo=%5,= Yo =4

Equation of the tangent line is defined by the following equation
Y=Yo =Y (X X =%)=>y—-4=4(x-2)=y—-4x+4=0
Equation of the normal is defined as

y—4:—%(x—2), =4y -16=—(x-2)

1
y o 4y +x-18=0

Derivative of the function presented in parametric form/
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L’Hospital’s rule.

5.4.2. Evaluation of Indeterminate Forms by L'Hospital's Rule

and

L'Hospital’s rule for evaluation of indeterminate of the forms

Hf is formulated as the following theorem:

(0.0]
Theorem. Let the single-valued functions f(x) and y(x) be differentiable
everywhere in some neighborhood of the point a, i.e. at \x—a\<e and ¢'(x)¢o,



then if there exists a limit (finite or infinite) of the ratio of derivatives, then the
ratio of the functions has the same limit.
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Note. Let's note once again, that the existence of the ratio limit of the
derivatives guarantees the existence of the ratio limit of the functions. The
converse is false, i.e. the ratio limit of the functions can exist without the ratio

limit of derivatives.
f(x)=x+sinx; f'(x)=1+cosx
o(x)=x; ¢'(x)=1
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Example.

Calculate the limits of the following functions using L'Hospital’s rule.
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Evaluation of the indeterminate of «°; 0°; 1” forms is realized with
preliminary transformation of a power-exponential expression with the help of

the basic logarithmic identity a= e!"@_ As a result of these operations we obtain

the following (“formal” view):

a) ¥ =" =0 = g0 = e]/(io = eg,
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b) 00 =¥ =00 —g0* — gV —¢g0,
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c) 17 = =gt _ =0 _gl/* _ g0,

Calculating limits we usually combine with application of equivalent
infinitesimals and L'Hospital’s rule. All factors, tending to finite nontrivial limits,
are immediately substituted by these limits.
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Note. There is a series of limits where the indetermination can be
eliminated by L'Hospital’s rule. There are some of them.

Example 5. Suppose that a>1

: a¥Ina |' a*In’a ~ a*In"a
im —=|— = lim ——— = = lim — %
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If 0<a<1, Iim a—n:O
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Note. L'Hospital’s rule of can be successively applied several times if the
ratio of the derivatives leads to indeterminate again and derivatives satisfy
the conditions of the L'Hospital’s rule.

Find extreme of the function



Necessary condition for existence of the extreme function is following:

If function has extreme at the point then its derivative is equal to zero or doesn’t
exist at the extreme point ( critical or stationary point of the first kind)

Sufficient condition for existence of the extreme

If in moving from left to right through critical point the derivative changes sign
from “+ 7 to “-* then function has maximum at the point x=x,. But if in moving
through the critical point Xx=Xxg the derivative changes sign from ‘-*to ‘+” the

function has the minimum.

Note If in the moving through the critical point the derivative does not change
its sign then extreme does not exist at the point

Example 1 investigate for extreme the following function

X2 -2x+2
x-1

Solution. First find the critical points. With this purpose evaluate the derivative
and determine at which points the derivative will be equal to zero or does not
exist

;_(@x=2x-1)- (P -2x+2)_2(x-1-x*+2x-2_2x° —4x+2-x2 +2x-2 _

(x-1)° (x-1)° (x—1)°
x?—2x _ x(x-2)

(x-1)°  (x-1)°

Obvious that derivative vanishes at the point x=0, x=2, and does not exist at
the point x =1

Let check the sign of the derivative in moving through critical points. Indicate
their on numerical axes



X2 —2X+2 2 2
T x-1 ymax\xzo - 1 =2, ymin\x:Z = 1 =2,

The function increases on the interval —co<x <0, 2<X<+4o0,

And the function decreases on the interval 0<x<1, andl<x=<2

The function does not exist at the point x =1.

Let’s investigate the behavior of the function at neighborhood of this point
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Now we can draw the sketch of the function



Let us solve one variant from individual tasks.

Task 1. Find the derivatives of the given functions.

X

. e
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In x

(ex)'.lnx—ex ~(Inx)' -

[ 3 ' H 3 1 !
y'={X") arcsindx + x~(arcsin5x) —
( ) ( ) (Inx)?



5 eX-Inx—e*-=
B-25¢  (Inx)?

2) y :tan(63‘5x).

y' =3x?arcsin5x + x°

, 1 -5x ) 1 - ’
y :W.(GB SX) :W‘GS >*.In6-(3-5x) ;

, 1
=

-~ _.6¥5.In6.(-5).
COSZ(63—SX) ( )

3) y =(cos X)COtX . It is power-exponential function.

Iny =In(cos X)COtX; Iny =cotx-In(cosx). Calculate derivative from both part

yvz(cotx)' -Incosx +cot x- (Incos x)';

, -1 —sinx
y'=y-| —5—Incosx+cotx- ;
sin“ x COS X
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4) t ' itis the parametric equation of the function y(x).
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by known formula

(x) = y'(t) _ e, Cost-t—sint _ —5t°
X'(t) ' t° cost-t—sint



5) vy +cos(5x — y):tan%; it is implicit function.

2y -y —sin(5x—y)-(5-y')=0; we know that tan%:const and

(tan 1) =0.
18

2y-y'—5sin(5x—y)+y'sin(5x—y)=0;
y'(2y +sin(5x—y))=5sin(5x - y);

_ 5sin(5x-y)
V= 2y +sin(5x—y)’

!

6) y=x-3x?+4, x=0,95

An approximate value of the function is
f(X+AX)~ f(x)+ f'(%)AX.
We have f(x)=x>-3x"+4, ¥, +Ax=0.95.
Therefor X, =1, Ax=-0.05.
f(%)=f(1)=1-3-1+4=2.
f'(x)=3x*—6x; f'(x))=f'(1)=3-1-6-1=-3.
Let us substitute all values in the formula:

f (0.95)~2+(-3)-(-0.05)=2.15.

1
7) Find the equation of the normal to the curve y =5——, parallel to the
X
straight line 4y —x+5=0.

Slope of the normal line is k; = ————. Find out this slope

y'(%)



, I 1 X
y :O—(x 2) =2x73, then kl_——ZX_3 5

Slope of the given straight line 4y —x+5=0is

1 5

—X——.

4 4

Two straight lines are perpendicular if k; -k, =—1. And we have equation

1 X-5
k, = 7 because we can express y = e =

(X—Xp).

The equation of the normalis y -y, =—

1
y'(%)

Yo = y(2):5—%:4.75,

1
k; = T =—4. Now we can wright the equation of the normal
2

y=4.75-4(x-2).

Task 2. Find the limit
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We apply L'Hospital’s rule to indetermination ||—|| in this example.




2
X
Task 3. Investigate the function y:—1 and plot its graph using

methods of differential calculus.

1. Domain of the functionis x—-1#0, x#1.
2

2. y(—x)= #—y(x) and = y(x). So this function is neither odd nor

even.

3. Let us investigate discontinuity of the function.
2 2

) X ) X
Iim —=—-o0 and liIMm —— =+w.
x—1-0 X -1 x—14+0 X —1

From this it follows that x =1 is vertical asymptote.
4. To determine the incline asymptote let us calculate the following limits:

2 2 2 2
k=lim —X  —1andb=lim | 2——x|=lim | 22X **|_1.
X—>00 (x—l)x x—wo | X—=1 X—>00 X -1

—x-1

So we get the incline asymptote y=x+1.

5. Let us find intervals of increase and decrease of the function. With this

purpose find the first derivative
S 2x(x-1)-x*  x2-2x

c)F ()

X2 —2x=0; x#1=>x=0,%=2,x#1.

I Vo Vo V. s
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Hence the function has maximum at the point x, =0, f,, = f(0)=0.

!

And the function has minimum at the point x, =2, f.;, = f (2)=4.

6. To investigate a curve for convexity and concavity let us calculate the
second derivative

(2x—2)(x—1)2—2(x—1)(x2—2x) 2
(x-1)° (x-1)°

14

X#1



f(x) /N
The function doesn’t have the point of inflection.
7. Using fulfilled investigation we can construct the plot of the graph.
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