
11





Òàêèì ÷èíîì:

Sd =

π
4∫

0

dϕ

4 cos ϕ∫

10 cos ϕ

ρdρ =

π
4∫

0

(
ρ2

2

∣∣∣
10 cos ϕ

4 cos ϕ

)
dϕ =

=

π
4∫

0

(
50 cos2 ϕ− 8 cos2 ϕ

)
dϕ = 42

π
4∫

0

cos2 ϕdϕ =

= 21

π
4∫

0

(1 + cos 2ϕ)dϕ = 21ϕ
∣∣∣

π
4

0
+

21
2

sin 2ϕ
∣∣∣

π
4

0
=

=
21
4

π +
21
2

=
21
4

(π + 2).

Âiäïîâiäü: SD = 21
4 (π + 2)(îä2).

Çàâäàííÿ 4. Ïëàñòèíà îáìåæåíà îáëàñòþ D, ÿêà çàäàíà íå-
ðiâíîñòÿìè, òà ïîâåðõíåâîþ ùiëüíiñòþ µ(x, y). Îá÷èñëèòè ìàñó
ïëàñòèíè, ÿêùî

D :
x2

9
+

y2

4
≤ 1;µ(x, y) = 2x2y2.

Ðîçâ`ÿçîê. Çîáðàçèìî îáëàñòü D.

-

6

1

1

y

x0

2

-2

3-3

ρBx

ρBux
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Î÷åâèäíî, ùî D îáìåæåíà åëiïñîì x2

9 + y2

4 = 1 ç ïiâîñÿìè a = 3,
b = 2. Ïåðåéäåìî äî åëiïòè÷íî¨ ñèñòåìè êîîðäèíàò

{
x = aρ cosϕ,
y = bρ sinϕ

òîáòî
{

x = 3ρ cosϕ,
y = 2ρ sinϕ.

Òàêèì ÷èíîì L : ρ = 1. Î÷åâèäíî ùî 0 ≤ ϕ ≤ 2π. Âèêîðèñòîâó-
þ÷è ôîðìóëó äëÿ îá÷èñëåííÿ ìàñè ïëîñêî¨ ïëàñòèíè òà ôîðìóëó
îá÷èñëåííÿ ïîäâiéíîãî iíòåãðàëà ó ïîëÿðíié ñèñòåìi êîîðäèíàò,
ìà¹ìî:

MD =
∫∫

D

µ(x, y)dxdy =
∫∫

D

µ(aρ cosϕ, bρ sinϕ)dxdy.

Îñêiëüêè

D′ = {(ϕ, ρ) : 0 ≤ ϕ ≤ 2π, 0 ≤ ρ ≤ 1}
òà ρBx = 0, ρBux = 1, òî

MD =
∫∫

D

2x2y2dxdy = 26
∫∫

D′

ρ4 cos2 ϕ sin2 ϕρdρdϕ =

= 26

2π∫

0

cos2 ϕ sin2 ϕdϕ

1∫

0

ρ5dρ =
26
4

2π∫

0

sin2 2ϕ
ρ6

6

∣∣∣
1

0
dϕ =

=
1
2

2π∫

0

1− cos 4ϕ

2
dϕ =

1
4

2π∫

0

dϕ− 1
4

2π∫

0

cos 4ϕdϕ =

= 1
4ϕ

∣∣∣
2π

0
− 1

16 sin 4ϕ
∣∣∣
2π

0
= π

2 . Âiäïîâiäü: MD = π
2 (îä. ìàñè).

Çàâäàííÿ 5. Îá÷èñëèòè îá'¹ì òiëà îáìåæåíîãî ïîâåðõíÿìè
z =

√
36− x2 − y2, z =

√
x2+y2

3 .
Ðîçâ`ÿçîê. Çîáðàçèìî îáëàñòü T , ïîìiòèâøè, ùî îáìåæóþ÷i

ïîâåðõíi
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V1 : x2+y2+z2 = 62, x ≥ 0, ïiâñôåðà ç öåíòðîì â òî÷öi O(0, 0, 0)
i ðàäióñîì R = 6.

V2 : z2 = x2+y2

3 , x ≥ 0, ïiâêîíóñ ç öåíòðîì â òî÷öi O(0, 0, 0).

Çíàéäåìî ïåðåòèí L = V1 ∩ V2:





x2 + y2 + z2 = 62,
x2 + y2 = 3z2,
z ≥ 0.

L � êîëî:
{

x2 + y2 = (3
√

3)2,
z = 3.

-

6

¼

M

M-6 6

x

y

z

0

6

-6

6

3

T

−3
√

3

−3
√

3

3
√

3
3
√

3

z =
√

36− x2 − y2

z =
√

x2+y2

3

ρBx

ρBux

Îñêiëüêè çàäàíå òiëî îáìåæåíî ïiâñôåðîþ i ïiâêîíóñîì, òî äîöiëü-
íî âèêîðèñòàòè ñôåðè÷íi êîîðäèíàòè





x = ρ sin θ cosϕ,
y = ρ sin θ sinϕ,
z = ρ cos θ.

Âèêîðèñòîâóþ÷è çâ'çêó äëÿ ñôåðè÷íî¨ i äåêàðòîâî¨ ñèñòåì êîîð-
äèíàò x2 + y2 = ρ2 sin2 θ, x2 + y2 + z2 = ρ2, ìà¹ìî:

V1 : ρ = 6;
V2 : ρ2 sin2 θ = 3ρ2cosθ, àáî tgθ =

√
3 (z ≥ 0) àáî θ = π

3 .
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Âèêîðèñòîâóþ÷è ôîðìóëó îá÷èñëåííÿ îá'¹ìà òiëà òà ôîðìóëó îá-
÷èñëåííÿ ïîòðiéíîãî iíòåãðàëà ó ñôåðè÷íèõ êîîðäèíàòàõ ìà¹ìî

VT =
∫∫∫

T

dxdydz =
∫∫∫

T ′

ρ2 sin θdρdϕdθ.

Îñêiëüêè ρBx = 0, ρBux = 6, 0 ≤ ϕ ≤ 2π, 0 ≤ θ ≤ π
3 ,

T ′ = {(ϕ, θ, ρ) : 0 ≤ ϕ ≤ 2π, 0 ≤ θ ≤ π

3
, 0 ≤ ρ ≤ 6}.

Òàêèì ÷èíîì

VT =

6∫

0

ρ2dρ

2π∫

0

dϕ

π
3∫

0

sin θdθ =
1
2
ρ2

∣∣∣
6

0
ϕ
∣∣∣
2π

0
(− cosϕ)

∣∣∣
π
3

0
=

= 18 · 2π(1− 1
2
) = 18π.

Âiäïîâiäü: VT = 18π (îä3).

Çàâäàííÿ 6. Çíàéòè îá'¹ì òiëà çàäàíîãî íåðiâíîñòÿìè

16 ≤ x2 + y2 + z2 ≤ 100,

0 ≤ z ≤
√

x2+y2

24 ,

y ≤ 0, y ≤ − x√
3
.

Ðîçâ`ÿçîê. Îïèøåìî çàäàíå òiëî T . Òiäî T îáìåæåíå ïëîùè-
íàìè

V1 : y = 0,
V2 : y ≤ − x√

3
;

ñôåðàìè
V3 : x2 + y2 + z2 = 43,
V4 : x2 + y2 + z2 = 102

i êîíi÷íîþ ïîâåðõíåþ 24z2 = x2 + y2, ÿêà ëåæèòü ó ïiâïðîñòîði
z ≥ 0.
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-

6

µ

z

x

4

-10

-10 y0 10

10

-4

-4 √
24−√24

y = − x√
3

Äîöiëüíî âèêîðèñòàòè ñôåðè÷íi êîîðäèíàòè



x = ρ sin θ cosϕ,
y = ρ sin θ sinϕ,
z = ρ cos θ.

Âèêîðèñòîâóþ÷è ôîðìóëó çâ'çêó äëÿ ñôåðè÷íî¨ i äåêàðòîâî¨ ñè-
ñòåì êîîðäèíàò x2 + y2 = ρ2 sin2 θ, x2 + y2 + z2 = ρ2, ìà¹ìî

V1 : ϕ = π; V3 : ρ = 4; V4 : ρ = 10;
V2 : ρ sin θ sinϕ = −ρ sin θ cos θ√

3
àáî tgϕ = − 1√

3
, òîáòî ϕ = 11π

6 ;
V5 : 24ρ2 cos2 θ = ρ2 sin2 θ, 24 cos2 θ = 1 − cos2 θ, cos2 θ = 1

25 ,
cos θ = 1

5 (îñêiëüêè z ≥ 0) àáî θ = arccos1
5 ;

V6 : z = 0 â ñôåðè÷íèõ êîðäèíàòàõ � θ = π
2 .

Âèêîðèñòîâóþ÷è ôîðìóëó îá÷èñëåííÿ îá'¹ìà òiëà òà ôîðìóëó
îá÷èñëåííÿ ïîòðiéíîãî iíòåãðàëà ó ñôåðè÷íèõ êîîðäèíàòàõ ìà¹ìî

VT =
∫∫∫

T

dxdydz =
∫∫∫

T ′

ρ2 sin θdρdϕdθ.

Îñêiëüêè T ′ = {(ϕ, θ, ρ) : π ≤ ϕ ≤ 11π
6 , arccos1

5 ≤ θ ≤ π
2 , ϕ ≤

ρ ≤ 10} , òî

VT =

10∫

4

ρ2dρ

11π
6∫

π

dϕ

π
2∫

arccos 1
5

sin θdθ =
1
3
ρ3

∣∣∣
10

4
ϕ
∣∣∣
11π
6

π
(− cos θ)

∣∣∣
π
2

arccos 1
5

=
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=
1
3
(1000− 64)(

11π

6
− π)

1
5

= 312
5π

6
1
5

= 12π.

Âiäïîâiäü: VT = 12π (îä3).

Çàâäàííÿ 7. Îá÷èñëèòè ìàñó òiëà, îáìåæåíîãî ïîâåðõíÿìè

x2 + y2 + z2 = 4, x2 + y2 ≤ 1, x ≥ 0,

iç ùiëüíiñòþ µ(x, y, z) = 8|z|.
Ðîçâ`ÿçîê. Çîáðàçèìî çàäàíå òiëî T :
V1 : x2 + y2 + z2 = 22 � ñôåðà ç öåíòðîì â òî÷öi O(0, 0, 0) i

ðàäióñîì R = 2;
V2 : x2 + y2 = 1 � öèëiíäð ç òâiðíîþ ïàðàëåëüíîþ äî îñi 0z,

âiñü öèëiíäðà � âiñü 0z; ðàäióñ r = 1.
V3 : x = 0 � êîîðäèíàòíà ïëîùèíà y0x, òiëî çíàõîäèòüñÿ â

äîäàòíüîìó ïiâïðîñòîði x ≥ 0.

-

6

¼
x

y

z

2

2

-2

T

0
1

1

-1-2

ZBx

ZBux

6

6
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Îñêiëüêè òiëî ¹ ïðàâèëüíèì ó íàïðÿìêó âiñi 0z, òî äîöiëüíî
ïåðåéòè äî öèëiíäðè÷íî¨ ñèñòåìè êîîðäèíàò





x = ρ cosϕ,
y = ρ sinϕ,
z = z,

x2 + y2 = ρ2.

Òîäi çàäàíi ïîâåðõíi ìàþòü âèãëÿä
V1 : ρ = 1;
V2 : z = ±

√
4− ρ2;

V3 : ϕ = ±π
2 .

Âèêîðèñòîâóþ÷è ôîðìóëó îá÷èñëåííÿ ìàñè òiëà ó ïðîñòîði òà
ôîðìóëó îá÷èñëåííÿ ïîòðiéíîãî iíòåãðàëó ó öèëiíäðè÷íié ñèñòåìi
êîîðäèíàò ìà¹ìî:

MT =
∫∫∫

T

µ(x, y, z)dxdydz =
∫∫∫

T ′

µ(ρ cosϕ, ρ sinϕ, z)ρdρdϕdz.

Îñêiëüêè

T ′ = {(ϕ, ρ, z) : −π

2
≤ ϕ ≤ π

2
, 0 ≤ ρ ≤ 1,−

√
4− ρ2 ≤ z ≤

√
4− ρ2},

òî

MT =
∫∫∫

T

8|z|dxdydz = 8
∫∫∫

T ′

|z|ρdρdϕdz =

= 8

π
2∫

−π
2

dϕ

1∫

0

ρdρ

√
4−ρ2∫

−
√

4−ρ2

|z|dz = 16

π
2∫

−π
2

dϕ

1∫

0

ρdρ

√
4−ρ2∫

0

zdz =

= 16π

1∫

0

(
ρ
z2

2

∣∣∣
√

4−ρ2

0

)
dρ = 8π

1∫

0

ρ(4− ρ2)dρ =

= −4π

1∫

0

(4− ρ2)d(4− ρ2) = −4π
(4− ρ2)2

2

∣∣∣
1

0
=

= −2π(9− 16) = 14π.

Âiäïîâiäü: MT = 14π (îä. ìàñè).

22


