3BMYAWHI OMPEPEHUIANBHI PIBHAHHSA

§ 1. 3ArANEHI BIAOMOCT! NPO AW®EPEHLIIANLHI PIBHAHHA

1.1. OzHaveHHR

HAudepennianbHHMH Ha3HBAIOTLCA PIBHAHHS, B AKMX HEBIIOMHMH €
yuruil onHiel a6o KiabKoX 3MIHHMX, NPHYOMY Ui hYHKLI Ao piBHAHL BXO-
ASITh HEOOMIHHO pa3oM i3 MOXIAHUMH abo JUdepeHlianaMH Bifl HHX.

d . . .
Mpuxaadu. 1. 2x+=2L = 0, ne x ~ uesanenna sminna: ylx) — nesinoma dyrkuis.

dx
2, ax+ by + cg—i + Rg—; =0, fe x, y¥ — HesanekHi aminui; 2 = f(x,y)~ Hesigoma

(PYHEUIA 1BOX 3IMIHHHX.
o)
3. ?%:,i+ E% +9x =0, ne x(f) = vesinoma HYHKLLIA; { — He3anemHa 3MiHHA.
j’-
Mepure | Tpere pisHAHHA NPHAHATO HAZMBATH 3BHYAHHHMM, a ADYre — 3 YACTHHHHMH
ROXIIHKHMH.

Slkuto y nucpepeniianbHoOMY piBHSHHI HeBIZOMOI € (BYHKIIA KilbKOX
3MIHHMX, TO6TO IieBioMa (yHKLIA BXOAHTb A0 PIBHSHHA PasoM 3i CBOIMH
HACTHHHUMH [IOXIAHHMH, TO DIBHAHHH HA3HMBAETHCA PIBHAHHAM 3 Yac-
THHHHMHW NOXIAHWUMH.

HKlo no piBHAHHA BXOAATb HeBiZoMi GYHKUIT JuIle onHiel 3MiHHOI,
TO PIBHAHHSA HA3HBAETLCH 3BHYAHHHM.

flKulo HeBiLOMHMX (yHKUiH ofHie] 3MiHHOI AeKifbKa, TO HmeTbcs Mpo
CHCTEMY 3BHYAHHHMX NUdepeHLiaNbHUX PiBHAHb, ¥ NPOTHBHOMY pasi —
Mpo ojiHe PIBHAHHS.

MMpuraadu. 4. Tipuknan cHeTeMH IBOX 3BHYARHHX AHhepeHUiabHHX PiBHAHD:
X =2x + 3y,
g =0x—-Ty.

Tyt #esipomumu € asi dyHKUT X, ¥ oadiel sminnol £, noxigHa No AKiA No3HaYeHa TOYKOW.
9. llpuknan ognoro spuvaitoro KHdepeHLiaNLHOTO PiBHAHHA:

dy . d
LA sm_\:d—i-r ﬁd—y+y!gr = COsX.
dx® dx’ dx
Hani posrnsfaTumemo nuwe 3BH4aiHi AudepeHUiaabHi PIBHAHHA a60

CHCTEMH 3BHYaHHUX IH(epeHLialbHHX PIBHAHb.



Ilupﬂmmm ,EH(IJEPEI—IHI&JILHDI‘E PiBHAHHA HAa3UBAETBCA HAWBH-
UK TNOPAAOK NOXiAHOI, O BXOAHTL o piBHAHHS. Tak, y TpHKanax 1, 2
DIBHAHHA Ma€ NeplHi Nopsaok, Y NpUkaaai 3 — Apyrdi, y npukaani 4
HaBeleHo CcHCTeMy JBOX piBHAHL Meplioro MopAAky, Vv NpHKJAali 5 — 3BH-
YalHe judepeHuiaibHe PIBHAHHS TPeTLOTo NOPAILKY.

CroyaTky posrisHemMo fudepeHUiadbHe PIBHAHHA NepLIOTe MOPSIKY
V 3arajibHOMY BHIVIALI

F(x,4,4')=0. (1.1)

U‘E p]BHﬂHE—IFl iI'IEPF_]JDl'D HDPHJIH}-’ 3andcade y HesIBHiN C!]-DPM[
p]EHﬂHHH PDEE H3dHe Bi,[l,l'[DCHD HDKIJ],HDL_, Mde BHIIAL

y = flx,y). (1.2)

HOro HA3HWBAKTh PIBHAHHAM MEpPUIOro MOpAAKY B ABHIA dopMi.

d .
MNpuxkaadu. 6. §+ e¥ =2 — HesigHe PIBHAHHA NepUWoOro NOPAAKY.

1. % = 2x% 4 3y — fABHe pIBHAHHA NEpLIOTe NOPRLKY.

3anuinemo AudepeHliaNbHe PIBHAHHA 1-TO MOPALKY ¥ HeABHIH dopmi:

Fle,g.y g y™)=0. (1.3)

feHOl GOPMOIK PIBHAHHSA f1-TO MOPANKY € PiBHAHHA, po3B’A3aHe BifHOC-
HO CTapluol NoXigHol:

v = ey, y'u---;y‘”'“)- (1.4)

Hexait v ¢yuxuiax F i f aMiHHa x BH3HauveHa Ha MHoxHHI G cC R.
Posp’asatd gudepeHuianbHe piBHAHHA 03HA4Yae 3HAATH Taky AHdepeHLi-

oBHY B (G dhyHKUW Yy = {p(."f). MiACTABAAHHA AKOl B PIBHAHHS [€PeTBOPIOE

HOTD Y TOTOXHICTb iAs Beix x € G . ['padik poss’'siaky audiepeHuianpHoro
DIBHAHHA HA3UBAETHCH IHTErpalbHOK KPHBOIO.

llpuxkaadu. 8. giz- = 2x — piBHAHHA NEpPUIOro NOPAAKY 3 HEBIAOMOH DYHKILEW ¥ i

HesanemHow aminkow x. Horo Pﬁ3ﬂrﬂ3ﬂll". Mag BHraan:

dy=2xdx; y=2[xdx; y=x*+C.



Orxe, po3B’'a3KoM AH(pepeHUiaNbHOrO PIBHAHHA NEPLIOTO MOPSAKY € HeCKIHUeHHa MHOXH-
Ha (YHKUIH, WO BIAPI3HATLCA Yy AaHOMY npukaani Ha ctany C. [uTerpanbHHMH KpHBHMH
y uboMy pasi € napaboan. Otxe, po3s'sskom pipuaurs (1.2) e dynkuin

y=0xC). (1.5)
Jf-n

Npukaan 3. /I nanoro pisasaas 2-ro nopsaaky nindparn poss’ s3ok.
Jindepenniatnue pisnanns y' +y=0.

Pons sianns:

¥y, =cosx.araxox Y, =Ccosx, C - nosinena crana

Y, =sinx,arakok Y, =C,sinx, C, - nosinmna crana.
[Mepenipacmues Oesnocepembo. Hanpakman,

»=Ccosx; y=-Csmx; y =-C cosx.

[Mincranasemo B andepenniaiLie piBHAHHAS:

—Cicosx+Ccosx=0

0=0 -sipno.

JIOBOAHTECS TAKOK, IO POIB AIKOM €

y=Ccosx+C,smx, ne C).C, - nosineui cram.
B nomanemomy Gvae noseacno, mo s Andepenniainioro pisasuns I-ro nopsaxy B po3s’siky

0/1HA IOBUILHA cTana, U depenmiamsnoro pisasuns I-ro nopaaky — asi 10BUILHI cTam.



Orie, poss’asok AudepedlliaibHOrO PIBHSHHA APYroro NOPRIKY 3a/lEXKHThH Bil 80X
LOBINBHMX cTafuXx: € | Cy. Po3s'aaxkoM piBHAHHA

y = fleyy) (1.6)

e IYHKLIA, WO MICTHTE ABI A0BIABHI cTani:
y=0(xC.C). (1.7)

MoXHa NpUNycTHTH, Lo poas’sakom pisuauus (1.3) abo (1.4) Gyne
(hYHKLIA, [0 MICTHTb CTibKH NOBIABHHMX CTAHX, fKHM € MopAgoK pie-
HSHHS:

¥=9(C.Cy....C,). (1.8)

Hiticto, wob y pisusmni (1.4) Bin noximuoi 4" mepefitn mo camoi
dyHKUil y, MoTpiBHO n iHTerpyBawb, 10 J4€ B PE3YNLTATI N J0BINLHHX
CTAdJIHX.

Poss'szku (1.5), (1.7), (1.8) vasusaioTecs 3aralsHHMH PO3B’A3Ka-
MH JHdepenuiansuux pisaaue (1.2), (1.6), (1.4). OcobausicTio 3a-
raflbHHX po3B’A3KiB € ABHA 3ajexxHicTb QyHKUWT ¥ Bin x. [IpoTe MoXYTh
GyTH i Taki piBHAHHSA, PO3B A3KH AKUX BAAETLCH 3aMHUCaTH JHIIE Y Hens-
Hilt hopmi, To6To Yy BHrAAL:

v (x4 C)=0; (1.5a)
q.r{x_y,ChCE):D; (1.7a)
v(x4C,C,,...C,)=0. (1.8a)

HessHa dopma sanucy saranbHoro poss’sisky aWdiepeHuiasLHOrO piB-
HSIHHA AicTalla Ha3BY 3araJbHOro iHTerpaJa.

ﬁﬂEEpHEMﬂCb teriep go pieHsiHEA (1.2) i jioro pose’asky y = ¢(x,C).

Akile 3anaTv 3HaveHHA QYHKLUI NPH KOHKPeTHOMY 3Ha4YeHHl apryMmexTy,
ToOTO 3afaTH Xy, 4o, TO 3a PO3B'SI3KOM Y = Lp{x, C) Maemo Yy = {p(.‘ED,C).
I3 ocTaHHBOrO PIBHAHHA MOXHA 3HAHTH C=q1(xﬂ,yﬂ) | MigcTaBHTH B

y=0(x,C). Hdicranemo y = ¢[x,w(xg, 4o)] — eanuy interpansuy xpusy,
abo 4acTHHHHH po3B’A30K AHdepeHUiabHOTO PiBHAHHA.



YacTHHHHM iHTerpajoMm, 260 YaCTHHHHM poO3B'A3KOM, AHbe-
PeHIialbHOTO PiBHAHHSA HA3HBAETbCH 3arafbHWM iHTerpan, abo 3ara-
JBHHH PO3B'A30K, AN AKHX BKasaHi KOHKpeTHI sHauyeHHS HOBIJIbHHX CTa-
aux. Jlna BH3aHayeHHA MOBIMBHHX CTaJdHMX HeoOXiAHO 3aHaTH CTINBKH
YMOB, CKibKH € cTaauX. Lli yMOBH BRMWOYAOThL 3a/laHHs 3HaYeHb hyHKIL]
Ta 1l NoXigHMX y neBHid Tovui. Tak, nns piBHAHHS N-ro NOpPAAKY HeoG-
XilHO 3a8aTH

y(%0) = ¥]raxy = ¥0: #'(%0) = ¥ xery =07

(1.18)
yD(xg) = yi-V

_ yéﬂul]_

r=Xp

Ypcna x.;,,yﬂ,yb,...,y{g”_” HA3WBAKOTHCH TOYATKOBHMH 3HAYEHHAMH /A
sagaqi (1.17), a pienocti (1.18) — noyaTkoBHMH yMOBaMH.

1.3. Teopemu npo iCHYBaHHA | EANHICTE PO3B'A3KY
AvcepeHUiansHWX PiBHAHL NEPWOro i N-ro nopaakis

Hani poarnsgarHmMeMo piBHSIHHS, PO3B'fi3aHi BIIHOCHO CTapILOL MOXiTHOIL.
PoarasHeMo piBHAHHSA NepPLIOro MOPAAKY

¥ = f(xy).

Hexait dyuxuis f(x,y) BusHauena y meskiil BinkpuTii ofmacti D mioiHu
Oy (puc. 1.1), a pyuxuis y = ¢(x) — poss'asok pisusmus (1.2). Toni 06-
nacTb BM3HaveHHs dyHKUT y = ¢(x) Mae Hanexartn obnacti D i 6yTH B

Hi augepenuidopHow. Hexait B D samano Touky M 3 KoopauHatamu xj,
Y TaKy, IO y(.\:n} = Yo . CraBuMO Taky s3afavy: 3HaHTH YMOBH, 10 HaKJa-

naoThes Ha dyHkuio f(x,y), sa skux pis-
HaHHg (1.2) Mae po3B’A3cK, 1[0 3a0BOJILHSAE
ymoBy y(xp) = yo. Taka 3anaua HasuBaeThb-
ca sapmauero Komi. Posp'ssox wuiel 3apaui
BH3HAYAETLCS TAKHMM [BOMA TEOPEMaMM
Koumi.

Teopema [. Hxwo ¢ynxyis ,f(;:, y)
su3HaveHa i Henepepgna 8 obaacmi D

: . %)
Puc. 1.1 pPa3oM i3 CBOEH HACMUHHONW NOXIOHON 5—£




no HesarexcHitt GynKyil y, mo dan 6ydv-akoi mouxu M(xg,yo), o Ha-
nexcumo obracmi Dy deskomy oxoai mouku M, icrye edunuil poss’a-
30K y = q:r(x) pisnanna (1.2), akui sadososvrae novamkosy yMO8Y

Y

x=xg = Yo = o(xp)-

3 reoMeTpHYHOI TOYKH 30PY B TeopeMi TBepAHThCH, LU0 APU BUKO-

HOHHI YMO8 Meopemu 4epe3 KOMCHY 8HympiwMio mouxky obracmi D
npoxodumse €0UHA iHMe2PpaibHA KPUBQ.

Mpukaan. /s sazanoro mdepenmiatsHoro pisasuas ¥ = X naiim:
1. Zaramsauii pols’sok (nigidparu);
2. 3o0pazuTi CiM 10 IHTEIPAILHHX KPHBHX rpadiumno;

1

=" "

3. Yacmauunil po3s 430K, SKHI 33/10BOITLHAC VMOBY: Y

4. Buaimra 3 ciM’TIHTErPATLHEX KPHBHX KPHBY, SKa BI/IMOBIAAC YACTHHHOMY PO3B 3Ky, a

1
TAKOK NPOXOANTE Yepes Touky M, 0[ l.; :

Poe ssanns.

y |
-

Hy= T+ C - saramuuii pois’ 3ok (nepesipserses 6e3nocepeinnLo).

—

2) 3o0pax yeMo CiM 10 IHTerPAILHAX KPHBHX HA IUIONHAIL, 3a1a091 snadenns C:

c=0 y=X
2
|
C=1 y=2-+1
2
i
2

C=-1 y=—-1lima
y .
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3) 3naxo MO HACTHHHHIT PO3B AI0K, 10 JA10BOJILHAC YMOBY V|, 4= ol [Mincrasumo B

saransHmil poss’asok X =1 i Bpaxyemo nowarkosy yMoBy.

y x=1=%+C=%:>C=0-

a
- - —— -
Omxke, wacTunanil pos’s3ok: ¥ =— (onna napabona 3 cim’1 napabon).
2
p |
A _ " ‘ 1
4) Ha rpadiky BRALISCMO IHTCIPATLHY KPHBY Y —?, sKa npoxoanTs vepes touxy Mol 1.—

IrHO 3 NOYATKOBO KO VMOBOK.

1.4. FleomeTpHYHUHK 3MicT gudpepeHLianbHOro PiBHAHHRA
nepLworo NOpRAKY, PO3B’'A3aHOro BiAHOCHO NOXiAHOT

Hexait sanano andepenniainne piBHsSHAs

= f(x.y).()

a2 - - - 7
Bpaxyemo reoMeTpuuHRil IMICT noxiymol Y

’ a . = - - ]
y =1ga (1" —xyrosuii KoedinicHT JOTHYHOI 10 KPHBOL YV = y(x) , 0 € PO3B AIKOM

pisusans (1). -



[Mopisusemo aisy ta npasy wactaun (1) ra (1.

Maemo: rga=f(x.y).

Kaxyre, mo andepenmiansue pisnanns (1) zanac nove nanpamvis.

BuxoauTe, mo cama IMTerpaiLia Kpusa Y = _1'(.1‘) HEBIIOMA, @le BIAOMI KYVTOBI Koed inien ™

_y=y(x.G,)

JOTHYHHX /10 HIVKAHOI KPHBOL.
Bpaxosvioun, mio sarais e poss’a3oK

_y=y(x.C,)

y= J'(.\’.C) » MACMO FCOMCTPHYHY

IHTEpapeTanio (CTplaKaMe 300paKeHO

y=y(x.G)

NoJIC HANpAMIB)

Hexait nano pisuanng (1.2). BubepeMo KoHKpeTHY TOUKY Mﬂ(xﬁ,yﬂ) 3
obsacti D susuavenns f(x,y) i obumcaumo amavenus flxg,yp). Uueno
Hixo, o), arinHo 3 (1.2), e kKyToBUM KoedilieHToM OTHYHOL 10 iHTerpa-
nbHol Kpupoi pisusnns (1.2). Nobyayemo y nauiit Touni (xp,yo) Hanps-

MJeHY JOTHHYHY Y BHIJIIli HeBefH-

yl , Koro Binpiska. Buxkonaswu nobyaosy
—— = ns Beix todok obnacti D, nicra-
N HeMO Tak 3BaHe T[10Jle HanpaMiB

OTe, reoMeTpHUYHO PiBHAHHS

/ //r’ T (1.2) sanae nose HanpAMiB 1OTHY-
Moz, e - HHX [0 pPO3B'A3KY HbLOTO PiBHAHHS,
T00TO Lo IHTerpajsibHOl KPHBOI, LU0

NpoXomuTh yepes Touky My(xg, yp)-

Pue. 1.2 Ha takomy reoMeTpH4YHOMY TJyMa-

;’; /;;'/ﬂ /; (puc. 1.2). '
/

yeHHi pisHaHbs (1.2) rpyHTyThCeA HabaHKeHI MeTOLM pO3B'A3YBAHHA
pisasrns (1.2). OguH i3 TaKUX MeTONIB HA3HBAETHCSH METOAOM i30KJiH.
IsokniHOO NMoNA HANPAMIB HAIHBAETLCA MeoMeTpHUHe Miclie TOUOK, B
AKHX HanpaMm noJs ofHakoBuH. PIBHAHHAM i30KTiHM €

y' = const, f[x: y] = const . (1.26)



Meton izokaiH HabMMXKEHOTO PO3R'A3YBaHHA AudepeHlliafbHOrO pPiBHAH-
HA TMepuoro MOopaAKy, PO3B A3aHOTO BIHOCHO NOXIGHOL, Y 3arafjbHOMY
BHIJIA MOMHA MOJaTH TAKUM YHHOM.

Hexaii nano pudepenuianshe pisuauns (1.2) 3 nouaTkosolo yMoBow

Yl =y, = Yo - lpunyernmo, 1o piBHAHHS Mae €IMHHA PO3B'A30K 4 = ¢ (x),

rpadiik sikoro 3o6paxeHo Ha puc. 1.2 y surasai kpueol MgM. Posi6’emo
KPDHBY Ha n YA4CTHH | KOXMHY YacTHHY KpPHUBOI 3aMiHMMO Bipi3KOM AOTH-
YHO! V MeBHHX TOUKAX KPUBHX. [HTerpanbHy KpHBY Tenep MOMKHa 3aMi-
HUTH J1aMaHoi0, WO YTBOPIOETLCH 3 BiApiskiB HoTHYHHX. Biapisku noTHy-
HHX Yy MeToi i30KJiH micTawoTh 3 pisHanus (1.26).

Mpuxaad. [aHo piBHAHHA % = +‘:,.-2 | MOYaTKOBa YMOBA y{x,:,}: 0. MNobynye-

) X d . . : i
MO [30KAIHH, NOKAABLIH, WO = fopisdwoe (0, L L 3. Dicranemo PiBHAHKA (30-

dx J3 2

KAIH = JIHIH 3 onHakoBHM Haxuaom motuusux (puc. 1.3, al:

Xyt =0, =0 tgag =Cag =0

2 2 | 1. . TR
X4y ==y == gy = == oy = 30°;
BB B
v it
5 w
J Wy
WNSAMz o]  oAH

!
=
B
&
=
H

;2+y2 =1: y':l;tgﬂ;a = I; [ 51 = 45°,
< +y” =3y = V3 tgay = V3: 0y =60°.



¥ BinoMmin Touui Mﬂ[ﬂ, 0) inTerpansHoi KpHBOI KYT o, YTBOPEHHI AOTHYHOW 3 Bic-
cw Ox , popieHie 0. [posememo 3 Touku My Biapisok NoTMMHOI Ao nepeTHHy i3 Hal-

Ganxuolo i3okaiHow. [3 ToukM nepeTHHy Bigpiska aoTwyHol 3 isoknivow M) nposegemo
BiApizoKk ZoTH4HOI mig KyToMm o) = 30° Ao nepeTHHY 3 HacTynHow isokaivow Mz it a B
peayawTati ficTademo gamany (puc. 1.3, 6), fixa HaBaumeHo 3obpamae poss'A30K AaHOTO

pisHAHHA. Llg namana THM TouHiwe 3ofpamaTHMe po3B'N30K, YMM ryctiwe GynyTe posTa-
LIOBAHI 130KJIIHH,

§ 2. IHTEFPOBHI TMNHW OWSEPEHUIANBHUX PIBHAHL
NEPLIOro NOPAOKY

PoarasiHeMo piBHSIHHS MepLIOro NOpsSAKY, pO3B’A3ade BiIHOCHO Mep-
HI0T TTOXifHOL:

y' = [x.y) « =qlyx), (2.1)
ge Hesigomolo e dyuxuin y(x) (abo x(y)), a sizomor dyHKuis i(x, y)
(a6o g(y, x)). Bpaxosywoun, wo g' = % X' = g—; | MPHOYCKAKYH, IO

moxkHa nofatv f(x,y) abo g(y, x) y Burasmi Plx, y'], piBuaung (2.1)

Qlx, y)

3arnuilemMo y CHMeTPHYHIH dopmi
Plx,y)dx + Q(x,y)dy =0 . (2.2)

[3 ocTanHboro PiBHAHHSA Jerko AiCTaTH Pi3Hi THNM AUdepeHlialbHHX piB-
HAHb [eplioro Nopsaky, Lo JOoNYyCKaloTh PO3B'3YBaHHA B iHTerpanax
(iHTerpoBHI THIH MH(epeHIlialbHUX PiBHSAHD).

2.1. PiBHAHHA 3 BiAOKpeMNeHnMK 3IMiHHUMK

ko B piBasHH (2.2) P(x, y) ne sanexuts Bin y, a Qx, y) ue sa-
JNeXHThL Bill X, TO AicTaHeMo PiBHAHHS

P(x)dx + Q(y)dy = 0. (2.3)



Pipusung (2.3) HasuBaeTbesl PIBHAHHAM 3 BilOKpeMJEHHMM 3MiH-
HUMH. [l1a poss'asanHa piBHaAHHA (2.3) BisbMeMo Bif o6ox Horo yacTHH
iHTerpaJ:

[P(x)dx + [Qy)dy =C.

[licas oBudcneHHs iHTerpanis AicTaHeMo poss'sizok pieHaxHs (2.3) y
BUTJISA] 3aralilbHOTO iHTerpana. ¥ci mojaJblli MeToid po3B'S3yBaHHA DiB-
Haub (2.2) i (2.1) GasyioThes Ha 3BefleHHi UMX PiBHSHb N0 DiBHAHHS
(2.3) 3 BinoKpeMJIeHHMH 3MIHHHMH.

2.2. PiBHAHHA 3 BIAOKPEMNIOBAHWUMM 3MIHHMMK

flkwo B pieusauui (2.2) Plx,y) i Q(r,y) mMoxHa nopat y BUrAsAj

P(Ly)z N(I)R(y] i Q[x. y): M{x]h’(y}, TO PIBHAHHSA (2.2) sanuiuemo
Yy BUMIsAl
N(x)R(y)dx + M(x)K(y)dy = 0. (2.4)

[le pisHAHHA Ha3HBAEeTbLCH PIBHAHHAM 3 BiJOKpPeMIIBAHUMH 3MiH-
HHUMH. MeToa fioro poss’asyBaHHs nossrae y HactynHomy. Posninusuiu

(2.4) na no6yrox M(x)R(y), nicTanemo

N(x) , . K(y) .
Pisuauns (2.5) e piBHAHHAM 3 BifoKpeMAeHMMH 3MiHHMMH, To6TO THMY
(2.3). Onepauis ginenns pisuauna (2.4) Ha poSyrok M(x)R(y) Hasusa-
ETbCSH BIAOKPEMIEHHAM 3MIHHHX. [HTEerpyuM (2.5), nictaHemo 3araib-

HHH iHTerpan
Nlx Kly _
J'M%‘Jd‘” ¥ jn%;%dﬁ’ =¢

suxifHoro pisusinus. [Ipu pinenni pisusinns (2.4) na no6yrok M(x)R(y)
MOXHAa BTPaTHTH JefKi pPO3B'A3KH, AKi BUMIMBAIOTL 3 PIBHAHHA
M(x)R(y) = 0 . BusHauaiouu i3 0CTaHHLOTO PIBHAHHA PO3B'A3KH y = ¢(x),
Tpefa MepeBipUTH, YH € BOHO po3s'a3kom pisHsuus (2.4). Hkwo Hi, To Horo
Tpe6a BIIKHHYTH, 4 KOJM TakK, TO MepeBipHTH, YH BXONUTbL BOHO [0 3arabr

HOTO iHTerpada. SIKul0 BXOOMTE, TO BOHO € YACTHHHHM PO3B A3KOM, a SIKLUIO
He BXOIHTbL, TO LUeH POo3B'930K HA3ZUBAETHLCH 0CODJIHBHM.



flpuxaad. Poss'asath pieHAHHA
. (1 + x)ydx + (1 - y)edy = 0.

Pose'fasanHa. PisHAHHA AinMmo Ha noByTok xy | QicTaeMo PIEHAHHA 3 BiLOKpeM-
JEHHMH 3MIHHHMH

1—+£d.t+l_—ydy =0: dx +‘—f£+fi—dy =0.
X Y r oy
Horo poss'askoM € 3araibHuii iHTerpan
X+ In|a:]+ In|5r|—y =C; ln|xy|+x—g =L,

Tyt pisnanna M(x}R(y) = 0 wmae puraan xy = 0. Horo poss'saku ¥ =0, y=0 e pos-
B'A3KaMM BHXiIHOro PIBHSHHE, ajle He BXOLATL 00 3aranbHoro inTerpada. OTae, poss’a3ku

x=0, y=0 e ocobauBuMH.
Mpukaan. Poss’ssarn pisasans
s\ydx=dy.

Poss snanng. JHmsmo JBy Ta Npasy 4acTHHH PIBHSHAS HA \f}' #0:

_ @
de—w.

lurerpyemo:

1

Ide=I%; Sx=j3-'_%afr; Sx=2y+C: y

( 5x—C )" -
JF — T -JAATLHHA rlTlB AI0OK.

] -

5x-C
—2 -

Jlocaimmo BTpaTy poss’ SIKiB:

y=0=y=0
a) € po3s s3kom audepenniamuoro pispsnns. [Mincrasumo B pisnsans ¥ =0, dy =0. Maemo
0=0:

6) B zaransamil poss’ssok niacrasamo Y =0:

0= ¥, SV W, O I Snp——

IIC O3Hauyac, 1o po I8 430K .'_" = 0 HC € YACTHHHHAM, 60 He or PHMVETECH 3 3arajlbHOrO Hi npu

axomy uncersaomy C.



Taxknii po3s 30K HaIMBACTLCA ocoOMBEM. Bin nijt'cAnveThes 210 3araisHoro.

. (5x-CY
Biymosim: y =[ y=0.

2 J™
BIIPABU JJIS1 CAMOCTIHHOI POBOTH

BITPABH. 1. Poss'asaty pisuanua xy' —y = ya_ Bidnoaide. =Cx .
1+ i

2. Po3s'raaTu pisnskua y'tgx = y . Bidnosids. y = Csinx.

3. Posp’ssat sanauy Kowi: y'sinx = ylnlyl. 5‘" = e. Bidnoside. Inf_gl = tgé—.

X=

|

2.3. PiBHAHHA nepworo nopsaaky 3 0AHOPIAHOK hyHKLic0

Hexalt navo pigHanus
y' = flx.y). (2.6)

Gynxuis  f(x, y) HasuBaeThcs OJHOPIXHOI N-ro0 NMOPHAKY BHMIipy
BilHOCHO X, i, SKILO

fex,ty) = " f(x, ).
Hanpuknan:
D fry) =L flixnty) =2 =10 L 2 0f(x, )
' x' U X T
DyHKLIA % € OJHOPIAHOW (PYHKLI€W HYJbOBOTO BHMIpY.
2) f(x y): x? - yE:
fixty) = 2% - 2% = 2% - %)= 2f(x, y).

DyHKUiA x? - yz — O0HOpiAHA QYHKLIA ApPYroro BHMIpY.
3) OnHopinna HKLis oy _ax+by
P ¢byskuis  Hysosoro  Bumipy:  f(x,y) ot dy
ax +b
flex.ty) = t° ——2 = {°f(x, y).

cx + dy



4 y)=8xtbx+C ; ,
) flx, y) ax+ by +C He € OHOPILHOK0 (GYHKLEH.

Pipusuxs (2.6) HasuBaeTbcs PiBHAHMHAM 3 ofHOpiTHOIO YHK-
uiero, AxiLo f(x, y) € onHOpiAHOKW DYHKIIEH HYMLOBOrO BHMIpY:

flex, ty) = t°f(x, y).

Poss’skemo ue piBHAHHS B Takid nocninosHocTi. [Tokaanemo f = L'c

TOMNI
y\. dy Y
xvy)=HlL=|, —=fL=]|.
flx, y) f[ I) — f[ I)
Hexag % = i, Todi
49 _ U+ x-d—‘i,,rd—”+u = fl,u)
dx dx  dx
lle piBHAHHS HaneXHTh A0 PIBHAHL 3 BIAOKPEMIIOBAHUMHM 3MIHHHMU:
du
=x=flLu)-u. 2.7
4 ¢ = f(lu) @7)
¥ mpoueci BioKpeMJIEHHS 3MIHHHX MOXeE CTaTHCH, Lo
f(l,u)— u=10, (2.8)

TOAI PIBHAHHA 3anHUIeMo Y BHJIsAI

du _ du _g.
,x:dx—{} abo P 0;

u = const = Cy; %zﬂl; y=Cux.

OTtxe nudepeHiiitHe piBHIHHS 3 OAHOPIIHOIO (QYHKLIEO (2.6) IHTErpy€eThCS

OVICTAHO BKOK)

y=u-x,

e U= N(.\' ) - HeBL1OMa Gy HEIIS.



[Tpukaad. Po3r'azath pisHanHA

Ay —EE“‘— (2.11)

Posp'Asanuda. 3aade PIBHAHHA HANEXHTh 0O DIBHRHB 3 OOHOPLAHOK (hYHKLIED.
HikicHo, Hexan

fle, y)= —4 ..
(x.9) .

fxt
fex,1y) = ﬁ = {° —‘E'— = t%(x,y).
x® -ty y

flns po3s’A3yBaHHA DPIBHAHHA NOKAAZeMO, AK | Y 3arafbHOMY BMNAAKY, y = wr, Tomi

df g": x +u . [lincTaBuMo ue sHadenHs B pissanua (2.11):

- _nu| = In|xC|; Infucx|+ —L-=0.
5 ]'.Ilﬂ-l'-| ['II.-L’ I i'l|!.l JI."|+ Euz

[licha saminn o =i’_ RiCTAEMO BIINOBIAL: In|_z,rC| %x_j {0 — saraqbHHA iHTErpan

=

pisHarus (2.11).
3aysamenns. Pipusuus (2.2) Gyne piBHsHHAM 3 0QHOPIAHOW (YHK-

uieto, skwo ¢yHKwi Py, y) i Q(x. y) Gyayrs onHakoeoro BuMipy.



2.4, PiBHAHHA, WO 3B0OATLCA A0 PiBHAHL 3 0AHOPIAHOK hyHKUIEKD

Taki piBHSHHS MaWTh 3arafbHHH BHIVIA

dy "f( ax + by +c ] (2.12)

de "\ ox + by + ¢

Poarnanemo Kifibka OKpeMHX BHIAIKIB.
1. Axuo ¢ =¢; =0, To MaeMo pIBHSIHHS 3 OJHODPIAHOK (BYHKIIEW I

HOro MOMH4 pO3B'sI3aTH MeTOLOM, 3aMpPONoOHOBaHHM ¥ Nn. 2.3,
HivicHo, HexaH

y = tf[M] _ (2.13)

ax + by

Y

flswo  u ==, 7o u'x+u=f[Lb“

. [liena Binoxpemjenys
ap + b

3AMIHHHX AicTaHeMo
du = d: ; J du = In|Cx].
f(amu]_u ‘ ,f[ﬂ"'b”]——u
a; + bju

a; + b
Beegemo nosHadeHHA

If[‘”ﬁ) » = (),

a + b

TOMI

wlu) = In|Cx|, w[ﬁj = In|Cx]|.

X

Lle i € saranbuui interpan pisusunas (2.13).
2. Hexait ¢ # ¢; # 0. [loknagemo

x=xy+h, y=1y +k, (2.14)
ne A i k — crani. Bisbmenmo Big (2.14) audepenuiany:

: d d
dex =dx; i dy =dyy, E%:d_i



OTxe,

dy; ax; + by, +ah+bk +c
dx,  \apx; +byy +ah+bk+c, )

Bizabmemo A i £ Taki, wo

{ah+b&+c=(};

2.15
ah +bk+c¢ =0. (2.15)

Toai pieusus (2.12) uabepe suraany

Ey_l_f ax; + by,
ﬂf..l."] - ﬂi.-'t:l + biyl L

BoHo poap’fiayeTbes NMiNCTAHOBKOW Y| = Xu .

3. BHKaaneHHi MeTof He MiAXOMHTb IJIA BHKODHCTAaHHS, SKIIO BH-
3Ha4YHHUK cHcteMu (2.15)

a b
a; b

=0.

. a
Poaraisinemo 1efi BMNanok, Mo3HavyHBILH —ﬂ-l- = % =k; a =ak; b =bh;

pieHaHHA (2.12) sanuwemo y Burnam

dy ax + by +c
dx_‘f[l[ax+hy)+c1]‘ (2.16)

Lle piBHSHHA 3BOAMTHLCS N0 PIBHSHHS 3 BiJOKPeMJIOBAaHMMH 3MiHHWUMH
NiicTaHOBKOW 2 = ax + by . IlikicHo,

d dx' dx  bdx Az + ¢
dz _ zZ+cC dz —d
dx f(lz+c1]+a *

3arancHui inTerpan pisHsHHg (2.16) mMae Burnsan
dz

P

=x+0C.

Az + )



Hexah
dz = ¢lz),

| (3255 ) e

o(z)=x+C; olax+by)=x+C.

TOJLI

Hagepesi onepailii reoMeTpHYHO 03HA4AIOTh, WO YHCEBLHHK | 3HAMEHHHK
o o ax+by+c
y pyHKLUII f{ -4

mx + by + ¢
NPSIMHX Ha TUIOWHMHI, ax + by +¢ =0, sxi abo neperuHawThes (BH3HAY-
HHK He JOPiBHIOE HYJIO):
Lc‘z b
1 b

a6o napanensHi (BusHauuuk nopiioe Hymo). [lincraoska (2.14) reo-
METPHYHO O03Hauyae napajebHe MepeHeceHHA CHCTEMH KOODAMHAT, 110
la€ 3MOTY NOYaTOK KOOPAHHAT fepeHecTH B TOHKY NMepeTHHY MpAMHX.

Bucuosok. fkuo y pieuauui (2.12) ¢ = ¢, =0, 10 piBHAHHS mia-
CTAHOBKOI0 I = X 3BOJAMTLCH 10 PIiBHSHHA 3 BiIOKPeMJIOBAHHUMH 3MiH-
a b

a, b

] MOMHA PO3TIANATH AK JiBi 4aCTHHH PiBHAHD

0,

HUMH. Ak ¢ # ¢, # 0, To npH # 0 nigcraHoBKaMH y = uxp,;

Xx=x;+h; y=y, +k DIBHAHHA 3BOAHTLCA MO PIBHSHHS 3 BIIOKPEMIIO-

. a b i
BAHHUMH 3MiHHUMH. Hxuo X b =0, TO, NOKJABIUH TIL=i=h;
ay |

b

z = ax + by , NpUXOAMMO [0 PIiBHSHHSI 3 BiOKPeMJIOBAHUMH 3MiHHHMH
BiTHOCHO yHKUII 2.
[Tpukaad. Posg'asatv piBHAHHA
[2x-y+3]dx+{x+y—1]ﬂ'y=ﬂ.
Po3sp's3anusn. Sandwemo pisuanna y dopmi (2.12):

dy -2x+y-3
W (2.17)

-2

Tyr a=-2; b=1, ¢=-3; m=1; b =1; ¢ =-1. Buanauxuk ==3=0.

Otwe, 3agane pigHaHHa (2.17) HanemHTh A0 posrasHyToro sunaaky 2. Beeaemo Hosi



SMIHHI Xp, Y Takl, wo x=x+h; y=y +k. 3annwemo pisuauus (2.17) Y BH-

T L
d -2xp+y -2h+ k-3
AL S (2.18)
d.x) gty +h+ k-1
Crerema (2.15) pas pisuaung (2.18) mae surasn
-2h+k-3=0;
h+k-1=10,
aBidcH A = —%; k= % Pisuanus (2.18) momua sanucatu y suraagi
-2
W Zacu (2.19)
dxp  xp+y
loknagemo gy = ux; . roni
dy _du oy 20 Y w2
dey  dx sty wl
[lincraeumo amadineni pesyawraru B (2.19):
du u—2
— + i =—
ﬂ'.\:| *l w+l
Postinemo aMinHi:
du ¥ = -2 _ . _d‘irl :_u2+21. i+ du:-ﬁ.
dx) u+1 dx) u+l 9,2 X

3HanoeMo iHTerpan

J-r4+1 du:f udu +! du =l|n(ug+.?)+—l'—3mtﬁ_

9+ ut 9+ g2 24yt 2 u'rE‘ \E
OTme,
1@2 ) 1 "
Infu” + 2+ —=arctg — + In|x ) = 0,
5 5 | C]
ane
,_ 5
u:y—]':y_k:\ 3:35'_5
X x-h .2 3x+2
3

[Micns of'ennanHs neplwioro i oCTaHHLOMD JOTapHMIE MicTaHeMo 3arabHHi IHTerpan pis-

HAHHA (2.17)

i : _ dy-5
In} C! EJ 3y -5F(@Fx+2y?+2 +-1—act L =0.
; Ikx{_ﬂJ{y )2[ } ) ' E[.'lt+2 2




BIIPABH J1JISI CAMOCTIHOI POBOTH

BITPABH. Poag'naatu pipsanus:
I (x— y)ydx - x’dy = 0. Bidnoaids. y= —*

In|Cx|
2.y = :;-:y . Bidnoside. y = xIn|Cx|.
x+2y +1 . .
.y = : : ; =4x -8 .
3. y ot dy 13 Bidnosidy Inl4t+3y+5| dx -8By +C

IHOCHUJIAHHSA 10 JIEKHIi:
https://www.youtube.com/watch?v=M5gCsXPswql

https://www.youtube.com/watch?v=stSrjHiht-k




