AOUGEPEHLUIANbBHI PIBHAHHA BULLKUX NOPAAKIB

3 3aranbHa Teopifa NiHinHUX gudepeHUiaNbHUX PiBHAHDb N-ro NOpPA[KY 3i
3MiHHUMM KoedilieHTamum

Pisusinua BHOy

(W™ + (D 4 e (=), (5.2)

ne by(x); b(x); ...; b,(x); Q(x) — Binomi dymkuii, HasupaeTbes MimiHUM
AHdepeHNialbHHM PiBHAHHAM 71-TO NMOPHAKY. [HIUUMH ClOBaMH,
JiHIHHE DIBHAHHA — L€ PIBHAHHA, 110 MICTHTHL WyKaHy dyHKUiL i Bei 1
noxiaui y kanouiyniit gpopmi (5.21) y nepuwomy creneni.

KoeditieHT by(x) B obnacti cBoro BM3HayeHHs He NMOBUHeH AOPiB-
HIOBATH HYJ0, OCKIJIBKH TOJi DIBHAHHA He Oyle pIBHAHHAM n-ro rnopai-
ky. Tomy pisusiuns (5.21) moxua noginatu Ha by(x). [Moknapuy

b(x) _ ey, bold) oy Bale) Q)
Bolx) l(*)rm‘ Al }m n{)ﬁ;% flx),

AlcTaHeMo Tak 3BaHe 3BefleHe PIBHSIHHA

y["] + al(x]y{"_l} + ag{x]y{“’g} +o.+a,(x)y = f(x). (5.22)

[na uboro piBHAHHA cPOPMYJIOEMO TeopeMy iCHYBaHHA Ta €AHHOCTI.

Teopema 1. Txwo xoepiyicumu ay(x); ay(x); ...; an(x} I PyHKYIA
f(x) pisnanus (5.22) nenepepani na ceemenmi [ﬂ,b], mo iCHYye 00uH i
Auwe oduH po3s A30K Y = cp(x) BUSHAYEHUIL | HenepepsHull 8 {a, b].
Bin 3adosoavuse pisHAHHA | Oyde-AKY cucmemy noYamekosux YMO8
npu 6yde-AKOMY NOYAMKOBOMY 3HAYEHHL Xy, B3AMOMY 3 (a, k).

A i nns NiHIHEMX PIBHAHB Mepiloro NOpsfKy, BBOAATHCA MOHATTH
OJHOPIAHOTO PIBHAHHA A-T0  NOPAAKY | HeojHopiaHoro. Hkulo
Q(x)(f(x)) =0, To piBHAHHA Ha3HBAETLCH OAHOPIAHHM, Y MPOTHBHOMY

pasi — HeOQHOPIIHHUM.
Jlininsi audepeHUianbHi PIBHAHHA — HaWHOIbL BHBUEHHH THN DIBHAHDL
BHILMX NMopsakis. BaraTo 3anay TexXHiKH 3BOAATLCA [0 JiHIHHHX PIBHAHB.

3.1 NliHinHi oaHopigHi andepeHuianbHi piBHAHHA (JIOAP) n-ro nopagky



PosrasHemo JAiHiiHe ofHOpiiHe PIBHAHHA A-TO MOPSAKY

L(z) = 2 4 al(x]a[”'l] +..+a,(x)z=0. (5.23)
Bupas

L(z)= 2" + a ()2 + ..+ a, (x)2 (5.24)

HAZHBAETLCH JIHIHHHMM AudepeHuialbHHUM ONepaTOpoOM BiJ DyHK-
uii 2.

Hexal nesanemua 3Mminka y pisdanni (5.23) x e (r.:,b), thyHxnil
ay(x) ap(x) .., a,(x) wenepepsni p [a,b} | 2}, 2y — YACTHHHI PO3B H3KH
pisHanua (5.23), To6ro

L(z,)=0; L(z9)=0.

Uu € poas'sakamu pisusuna (5.23) Cyz,, Coz, abo Cyz; + Cyzy, ne
Cy, Co = crani? Migcrasumo Cyz; B (5.23):

L(Cz)) = C]zl(”] + Clal{,t)z::"":' +...+Ca,(x)e = CL(z),

ane L(z;)=0, toni CL(z)=0 i L(C,z;)=0. Le crocyeTbca TaKox
poss'aAsKiB 2zg i Cozy.
Teopema 2. Hxwo 2z i 2o, — 4acmuHHi pPo38 A3KU PIBHAHHA
(5.23), mo Cyz; i Cyzy € makox poas’A3KaMU 4bOLO PIBHAHHA.
Hosenenns. Ilincrasuswn Cyz) + Cozo B (5.23), micranemo

L(Clzl + ngg) = (Cyz; + Cy29 )[”} + ay(x)(Cyzy + ngz](”_l] +...
+a,(x)(Cz + Cozo) = CL(z))+ CoL(zy) = O;

L{Ciz; + Co2;) =0,
10610 C2) + G929 TAKOXK € pOo3B'A3KOM PiBHMHHA.

Teopema 3. frwo 2z [ 2, — uacmunkHi po3s’asku pPIBHAHHA
(5.23), mo ixua cyma 2z, +2,, a makox ixHA AiHidna KomGinayis
Ci2) + Cozy € po3s’a3kasmu ybo20 PIBHAHHA.

3poaymino, 1o TeopeMy 3 MOMHAa Y3aralbHHTH: AKW0 GyuKyii

z(x); zo(x); ...; 2,(x) = wacmunni poss’saxu pisuanna (5.23), mo ix-
HA AIRIGHAG KOMOIHAYiA



z = Cz(x)+ Cozy(x) + ... + Cy2,(x) (5.25)
makox € pose’azkom pienanna (5.23).
ki & yMoBH noTpi6Ho HakmacTH Ha dyHkuii 2z (x}); zp(x); ...; 2,(x),

uo6 (5.25) 6yno aaranbnumM poss'askom (5.23)? Ias sianosigi Ha ue
3AMUTAHHA BBeJeMO NOHATTH JiHIWHO He3alexXHol CHCTeMH (DyHKLIH.

3.2 MoHATTA NiHIMHOI 3aNn€eXKHOCTI Ta NiHiINHOI He3aneXXHOCTI PYHKLin

Cucrema dyHKUIH zl(x);zﬁ(.i:);...;zn(.t}, BM3HaueHa B (a,b), Hasu-
BAETLCA JIHIHHO 3afeXHolo, fKUO ICHYIOTh BIAMIHHI Big Hyas cradji
{IEQ = l,n) Taki, 1o piBHICTh

o2y (x) + ogzplx) + ... + @z, (x) = 0 (5.26)

BUKOHYETBCS [/ BCIX X € (a,b). fAxuio X BIAMIHHHMX Big HyAsS o;, NpH
SKUX GM BHKOHYBajdacs piBHicTb (5.26), Hemae, To cykynHicTb QyHKLIR
2(x); o(x); ... 2,(x) HasuBaeTues ninifiHO HesanexHOI.

HNpuxaadu. 1. Cucrema pyHKUIR 2| = sin® x , 29 = cos®x, 23 =1 € nivikno 3anem-

HOK ¥ MIPOMIMKKY {—m: +m}, ocKinbkM npu oy =1; a9 =1, wg = -1 pisHicTs

2

zin x+c052x-]=ﬂ

BHKOHYETBCA AR GyAb-AKOrO X, BIATOrO 3 NPOMiIMKY (—m; +|I:-}.
2. Cuctema dyHKUiH 2) =Sinx, 29 =COSX € NiHIAHO HE3ANEKHOW ¥ NPOMIKKY

{—a::; +n¢], OCKILKH piBHICTE
Cysinx+ Cocosx =0
BHKOHYETLCR AR Beix x Auwe npu € = &y = 0. HilcHo,

Cisinx+ Cypcosx =0,

C_l = —tg ¥ 3aNeMuTh BiA X, a HaM Tpeba, lwob we BiAHOWEHHA Big X He 3anemano.

3. Cuctema dyHKuili 2] = e, 2o = 2e* € AiHilHO 3a0eHO0 117 X € (—m; +0).

4, CucteMa dyHKUIR 2y =e", 29 =€ ° & NiHIHHO He3anexHow, OCKIALKH

Cie® +Coe™ =0 npu €, =C3 =0 ans xe (~o0; +00) .

TakuM YMHOM BUHUKA€E HEOOXIHICTh Y BIITYKaHHI O3HAK 3aJI€KHOCTI



abo HezanemHOCTI cHCTeMH GYHKUWIA 2); 2y ...; 2, . LlAa o3Haka nos'Asava 3 noHaTTsM
BH3HaYHHKa BpoHbeskoro.

3.3 BM3HauyHUK BpOHCbKOro Ta Moro BNacTMBOCTI

BuaHauHHK BHAY

£1 &y v Eu
- 2y

zf.nl:-l] zgnnl} :;n—l]

= D™
.
N

Wiz, 29,....2, ) = (5.27)

Ha3HBaETLCH BH3HAYHHKOM Bpoubcbkoro. lle dyukuioHansHu# BU-
3HAYHHK, OCKINABKH BIH 3afeHTh BiI X.

Teopema 4. Hrwo Gyusyil  2),20,...,2, AHIdHO 3aAexH] Ha
(a,b), mo susnaunuxk Bponscokoeo dopisiiioe Hyaro.

Hosenenns. Jlopenemo ue TBepiseHHA g ABOX (GyHKUNH: 2z | 2.
3a ymoBoio (yHKUT 2, | 2y JiHiliHO 3anemHi NpH 2] + We2y =0, ne
3HayeHHA o abo 1:12 BiaMiHKI Big Hyas. TToxnabwH oy # 0, AicTanemo

2y =h2g, e A= _U'-_l Iudepenuiniod, MaeMo 2| = Azy, Toal

?L.Eﬂ .?1

Wz, 2] = Az} 2

=0. (5.28)

Hacnimox. [Jsi pynkyii 2y i 2o € AlHIIHO 3aieHHUMU, AKUO

2L const, (5.29)
<2

P e e Z
P AHIUHO HESAAENHUMIL, AKIKO :’Z_E # const .
2
Hpukaan.

1)Hexait yy(x)=x. »(x)=2x.

. - . on(x)_ x
i pyuruii snimo anexni. 6o =——=—=COonst .
wilx) 2x 2

) Hexain ¥ (x)=x. y(x)=x7

. B oo wlx) x 1
11 dyvusnit siniiino nezanekui, 6o —=—==—73 const.
ylx) x* x




Teopema 5. Skwo poss'asku z(x) zo(x),...,2,(x) ainidnozo
odnopidnoeo pisnanna (5.23) e ainiliHo HesaaewHumu y OesaKomy
inmepeani (a,b), Oe xoegiyienmu piBHAHHA HenepepsHi, Mo BUIHAY-
Huxk BpoHvcobkoeo Ha yvomy inmepeaal Hide He NepemeoprOEmMsci Ha
HYab.

HopeneHHs. Lo TeopeMy A/a 3araibHOre BUMNAnKy MOBOIHTHUMEMO
Bill CYTIPOTHBHOTO.

MpunycTuMo, 1o € Toyka Xy € (a,b), aaa saxoi W{xy)=0. TlosHa-

YHMO Hepe3 2z, BeJHYHHY 2; NPH X = Xp, 4 NOXiAHI Bil HUX — uepes
y

n-| =2 :
3!:} ), zfﬂ ]. .oy 2Zjg - CKJIa0eMO CHCTEMY PiBHAHD

Ciz10 + Cozgg + ...+ Cp2, =0

Cizig + Cozhg + ...+ Crzpg =05
J“i#10 + LaZ20 nZn0 (5.30)

---------------------------------------------

C,zf:g‘” + ngé’f]‘” + ...+ an,(,’a‘l} =0,

npunyctHBwH, wo Cj, Cy, ..., C, — HeinoMi crani. BuaHauHWK uiel cuc-

n
TeMH NOPIBHIOE HYJIK! xn )= 0. OmxKe, € BiAMIHHI B
p ymo: Wixg)=0.0 Bil HYNS PO3B'A3KH

cuctemu (5.30). Cknagemo dyHKuUi0
2=Cz +Cyzg +...4C,2, . (5.31)

3a nonepefHiMM TeopeMaMM Z € PO3B A3KOM JiHIHHOTO OJHOpifHOro piB-
HAHHA. 3a noyaTKoBol YMOBH X = Xy 3 (5.31) amicranemo

2(xg)=0; 2'(%)=0;...; z("_”(xﬂ) =0.
Toni 3a Teopemow npo €auHicTh po3p'asky z = 0. OTxe,
Clzl +ngg +"'+Enzn =0.

Ockifbku He Bci C; HOpiBHIOIOTH Hyao aast x € (a,b), To cucrema
2(,29,...,2, € JIHIAHO 2a/exHol0, U0 NPHUIBOJMTL [0 CYNepeyHoCT.
Bona BuHMKAA i3 npunyuwenus, wo B (z,b) icHye TouKa, B AKiH
W{xy)=0.Orxe, W(xy)= 0. Teopemy noBeneHo.

3.4 dyHpaameHTanbHa cuctema poss’askis JIOAP



bynp-Aka cucTeMa 3 n AiHIHHO He3aseXHWX YacTHHHHX PO3B’A3KIiB
NiHIHHOrO OAHOPIfHOrO AHdiepeHLiaNbHOTO PIBHAHHS f1-r0 TOPAAKY, BH-
3HaueHMX B iHTepBaJi (a,b), HasuBaeThes PyHMAMEHTANBHOIO CHCTE-
MOIO.

Teopema 6. fxuwo z,2y,23,...,2, — pyndamenmanrvna cucmema

PO36°A3KI8 AlHilHO20 0OHOPIOHO20 piBHAHKA, Mo 2z = Czy + Coze + ... +

+C,z,, € 3acarbHum po3s A3KoM 00ROPIOHOZO PIGHAHHA.
Hosepenusn. Tpeba aosectH, 10 po3B'R30K € zaranbHuM. Lle osna-
4ae, WO 3a 33AaHUMU NOYaTKOBHMHK YMOBaMH NpH X = xg < (a,b)

2(xo) = 2o; 2(xp) = 2b; ... z{”_')(.tﬂ} = z{{:,”_” (5.32)

MOXKHa €IHHHM cnocofoM 3HaHTH HoBiAbHI cTani. Jlna BH3aHauyeHHT UHMX
CTAJHX MAEMO HEO[HOPIAHY CHCTEMY

2o = Ciz1(xg )+ Cozp (g ) + ... + Cp2, (g );
2y = Cizi{xg )+ Cozy(xp )+ ...+ Cu2p, (0 );

------------------------------------------------------------------

BusHauHuK uiei cuctemu 3Giraethest 3 Wz, 25,...,2,]# 0 ans xy € (a.b).

Otxe, i3 cueremu (5.33) crani C BuaHauawThes €IMHHM criocoGoM. Teope-
My [OBeIEHO.

Hagenemo Ges joBefleHHS HACTYNHI TBepIKeHHA.

1. MakcumaabHe 4ucA0 AHIGHO He3ANeHCHUX YACMUKHUY p0o38 A3-
Kig AlHIIHO20 00HOPIOHD20 PIBHAHHA

2" 4o (v)" Y+ 4 a,(x)e=0 (5.34)

3 nenepepswumu 6 (a,b) roeiyicumamu aj(x), ...,a,(x) dopienwe no-
PROKY PIBHAHMHA.

2. HesasexcHo 610 nowameosux yYmos Yci (Kl po3g A3KU PIBHAHHA
(5.34) € niniinoro KOMBIHAYIEIO AIHIGHO HE3ANEHHUX HACMUHHUX PO3-
8 A3Ki8.



Takum yuHOM, 151 PO3B'A3aHHA JiHIHHOTO OAHOPINHOrO PIBHAHHSA A-TO
NopAnKY HeoOXiAHO 3HAHTH 11 JIHIHHO He3aleXHHX YaCTHHHHX po3B’A3KIB.

fTpukaad. Posp'asatd pisHAHHA

Z'=z=0

Poae'azauna. YacTHHHHMH pO38’A3KAMH LLOTO PIBHAHHA € 2j =¢e"; 29 =e¢ ",

BH3HauHMO, YH YTBOPKIOTE Wi Po3B'93KH QVHIAMEHTANLHY cHeTemy., Jas usoro
ckaanemo BusHauHrk Bponscbkoro

W’[z],zg]z E: _ :: =l =-220.

Orae. cieTeMa po3s’ssxie 2 | 2o QyHaamenTansHa. Poss’n3ok cHcTemMu Mae BHLAAL

z=Ce' +Coe™".

TuM HEMEHII He ICHy€ 3arajbHOTO AJITOPUTMYy 3HAXO/KCHHS YaCTUHHUX
PO3B’S3KIB IS JTIHIWHUX JUdEpeHIaTbHUX PIHSAHHB 31 3MIHHUMU KO€(IIIEHTaMHU.
Tomy mani po3ryistHEMO CTieIialIbHUI BUNAJ0K JIHIMHUX JudepeHIiaTbHUX PIHSIHHD
- NiHiWHI opHopigHi AudepeHuianbHi PiBHAHHA N-ro NOpPAAKY 3i CTaaumu
KoediuieHTamum (JIOAP 3i ctanumm KoediuieHTamu)



3.5 ®opmyna JliyBinna-OcrtporpaacbKoro

Hexait maemo nudepenuiaibHe piBHAHHS APYTOro MOPAAKY
2"+ a(x)2 +ay(x)z=0 (5.35)

| 1BA HOTO JiHIHHO He3aJIEXHHWX PO3B A3KH: 2y 1 2p; TOL]

2f +ay(x)2] + azlx)2 = 0;
25 + ay{x)zh + as(x)zg = 0.

[TomuoXKMO neplue piBHSHHS HAa 29, a Apyre — Ha — 2;:

2,2] + ay(x)292] + ay(x)22, = 0;
{— 425 ~ ay(x)2125 - as(x)22, = 0
i lonamo 1X:
202] - 2123 + wix)(ep2] - 2123) = 0.

Lle#t BHpas mMOXHA nepenqdcaTH y BHIVIALI

;?(Eizg - 212'2) + ﬂl{x](zl'32 - le&] -0

abo

DV ay(cpw =0; 4V — (o ;
%"?— = —a(x)dx In|ﬁ?’| = = j'al{x]dx + 1n[C|;
.'l'u

“Jay(x)dx

W =Ce ™ : (5.36)

npu x = xg, Wixy)=C

- Jj'ral{.'u:}dx
W =W(xg)e = . (5.37)

Bupas (5.37) nasusactucs dpopmynoio Jliysians—OcrporpaacsKoro.
s ¢opmyna cnpasennupa Aas AiHiAHHX AudepeHLianbHUX PiBHIHBL GYb-
AKOTO TIOPSAKY; ¥ LbOMY pasi al(.t) € KoedilleHTOM 1pH [n - 1]—1551 noxii-
Hi y pisHsiHHi. [lpu Buseneuni dopmyau Jliysinas—OcTporpaacbkoro
BHKOPHCTOBYETHCS HelepepBHicTh a@)(x), OCKIMbKM Y uboMY pasi 3aBxau



X
icHye interpan [ay(x)dx
X0
3aysamenns. He icuye saraneuoro mertoay po3s’ssypaHHs JiHIAHMX piBHAHL 3i
3MiHHUMH KoediuienTamn. Oanak, akwo oinomi (i~ 1) ninifiHo Hesafemuux po3s'sskis

MHIHHOrO PIBHAHHA M-ro NOPRAKY, TO OCTAHHIN PO38'A30K 3HaXoARTL KeaapaTypow. lose-
1eMO We A% QHgepeHLianbHOro PIBHAHHS APYroro nopaaKy.

Tpunyctimo, Lio Bigomum e pose’asok 2 pieuwanns (5.35). 3naiineMmo poss'asox. 2o,

AiHiHHO He3afexHWH Bia poss'ssky 2. Cropucraswuce dopmyaocw Jliyeiana—Ocrpo-
rpaickKoro, 3anuiliemMo
ﬁl 2)

% - Foaf = frexpl- [ailx)ax). (5.38)

Cexp[— fa(x dr}

Maemo ninifine HeofHopiaHe PIBHAHHA fepworo Nopsaiky aigHocko diyMKuii 2y Lle pis-
HAHHA MOX¥Ha 3iHTE[‘]}}"EETH:

212h —2902) _Cpy d_ El_
_-z;*} = 2 e;-.p{ Jay(¥)dx), ﬂ‘t[ ] " Lexpl- Ini{t]rir]

i_-: =Cy [ 212 exp(- [ay(x)dx)de + Coy .

OcKiNbKH HAC LIKABHTL YACTHHHHH PO3B'A30K, TO MOMHa nokaacTH Cjy =1, Cye = 0. Toni

25 = 2[ 212 expl- [ ey (x)dx)dx .
3aranbHHi po3B’A30K BUXIAHOrO PIBHAHHA 3aMHILEMO Y BUIJIALI
z= ()21 + Cozyg,
abo

2 =Czy + Cyzy| 2° expl— [a)(x)dx)dx

3.6 Mobyposa piBHAHHA 32 PYHAAMEHTA/IbHOK CUCTEMOIO
Hexali nawo diyHaaMeHTanbHY CHCTeMY 2, 2a,...,Z2, - llobGyLyemo aude-

peHllialbHe PiBHAHHA, PO3B'A3KOM fKOro € us cucrema. Cknafemo BH3HaU-
HUK BpoHbcbKoro i3 cucTeMu GYHKWH 2y, 29,...,2,,2 . Lled BU3HAYHHK A0-

PIBHIOE HYJIO, OCKINBKH CHcTeMa QYHKUIH 2y, 29, -..,2,,2 JiHIHHO 3aJeXHa:

2y 29 rre 2y 2
zi z’& Z;: z'
R S (5.39)
A ) LG )



Po3akpHBao4H BH3HAYHHK 3a eJleMeHTaMH OCTaHHBOTO CTOBNLA, JicTaHe-
MO LYKaHe PIBHAHHSA

_ W
z(”]+%z{" Dy +=Rz=0,

W

ne W’=W’[zt,zg,m,zn]; W. — anre6paiyHi [OMNOBHEHHA eJieMeHTIB

OCTAHHBLOrO CTOBMLA BH3Ha4HMKa (5.39), i=Ln:

Zj 29 2
2p 2 2y
el ) ) )
W, = (-1l 2 Zn | (5.40)
EII'HI} 22|+l] ziH]}
zll[n} zén} z:‘;”}

flpukaad. HNano QyHAIMCHTAABHY CHCTeMY 2 = X 29 = x° mia x e [~ + =),

3HaitTH AiRiAHe oaHupiaKe AudepeHuianbie PiBHARHR, PO3B ASKOM AKOIO € UA CHCTEMA.
Poas'saanus. 'CPE.FIEI,U..EIEHEI BHIHAUHHE

o

& & Z X x° oz
zp 2 2=l 2x 2'|=0
2l 2y 2 o 2 2z

| AICTAEMO PIBHAHHA

2

2%z 4 97 = x%z" = 2x2' = () :

.rﬂz" —2x2'+2z2=0.

Ore, 3anaya poss’ASYBAHHA JNIHIHHOMO OAHOPIAHOMD AWdepeHlianLHOre PIBHAHHA
N-TO MOPANKY 3BOAWTLCH RO 3a4adl BUIIUVKAHHA # JIHIHHO He3aJesHWUX YacTHHHHX
po38 A3KID.

BIMPABH. L. HocnignTh Ha AiHIAHY 337€AHICTL CHCTEMH (DYHKLIH o058 X € [—m; + )

a) 2y=x, zg=x+1;6) 2 =e", 29 =e°°, 23 = &*".

Bidnoside, a) Heaanemna, 6) Hezanemna.

2. CknacTw MiHifiHe oOHOpinHe PIBHAHHA 33 QYHIAMEHTANLHOK CHCTEMOK MpH
x € (~a0; + @)

a) zy =sinx, 29 =cosx;0) 2y =e", 2, = xe* .

Bionoside. a) 2" +2=0:6) 2" -2 +2z=0.
3. Poss’ssaT pinHAHHR

_i:"!(lnr_'n:| - I}z' —xx+2=0,

3HAKYH HOTD YACTHHHHE po3s'fi3ok z; = X .

Bidnoside. z = Cox - C) in|x|.



