6. IOBEPXHEBI IHTEI'PAJIN

6.1 IloBepxHeBi inTerpaau 1-ro poay
[Ipu po3B’si3yBaHHI HU3KH 3aJlad JIOBOJUTHCS PO3risaaTu (yHKIli, BUSHAUYECHI
Ha JesiKii moBepxHi. TakuMu PyHKIISIMU €, HAMPUKJIIAJ, TYCTUHA PO3IMOJLITY €JIEeKT-
PUYHUX 3apsi/IiB HA TOBEPXHI MPOBITHUKA, TOBEPXHEBA I'YCTUHA MACH, PO3IOA1ICHOT
Ha MOBEPXHI1, MIBUJIKICTh PIIUHU, 1[0 MPOTIKAE Yepe3 AaHy MOBEPXHIO, OCBITICHICTh
MOBEPXHI, TOIIO. BiIMOBIIHO I0BOUTHCA MaTH CPaBY 3 IHTErpajlaMH BiJl TaKUX Qy-
HKI[IH. 30KpemMa, Ti1 IHTEeTpaju, 10 PO3TIIAIA0ThCA y IIbOMY Maparpadi, € y3araib-
HEHHSIM MOJIBINHUX IHTETPaJliB, aHAJIOTTYHUM TOMY, SIKUM KPHBOJIIHINHI 1HTErpaiu
1-ro poay € Mo BiJTHOIIEHHIO JI0 3BUYailHUX BU3HAUYCHUX iHTerpaiiB Pimana.
O3navenHs. [ToBepXHs HAa3MBAETHCA TIAIKOI0, SKIINO B KOXKHIN i TOYIll 1CHYE
JOTHYHA IIJIOIIMHA, 1 TIPY IMEPEXO0/i BiJl TOYKH JO TOYKH Ha MIOBEPXHI MOJIOKEHHS J10-
TUYHOI TUIOIIMHMU 3MIHIOEThCA HemepepBHO. [loBepXHS Ha3MBAETHCS KyCKOBO-
TJIaJIKOFO, SIKIIO BOHA CKJIAAETHCS 13 CKIHUYCHHOTO YHCIIa HEMEPEPBHO CIOMYyYCHUX

I''TaiKuX IMOBCPXOHb.

Hexait B obmacti /' < R’ 3amaHa Ii1ajika MOBEPXHA o . MO oOMexeHa
rinajkuM KoHTypoMm L. Ha noBepxHi o BH3HaueHa W HenepepBHa (DYHKIIA

f(M)=f(x,y.z). Po3il'eMo mnoBepXHW ¢ JOBUILHUM YHHOM Ha 7

eJeMEHTapHUX IUIONIHHOK &), 5, - O,

n?

wiomi AKUX Ay, AG,.....Ao,.
ITo3naunmo uepe3 d;, =d(o;) — AlaMeTp eleMeHTapHOi ILIOMWHKUA o,. Ha
KOJKHIH eJIeMEeHTapHIi IUIOMIMHII BHOepeMO JIOBUIBHO TOUKY M, (x;:);:z;).

i=12,..,n (puc.2.1).
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OGumcmuMo B IMX ToukaX 3HaueHHS QyHKUii f(M,)=f(x;,y;,z;) #

CKJIAZIEMO CYyMY:
1
S,=> f(M;)-Ac;.
i1

SIkmio icHye KiHIIEBa I'paHHIS S, 3a YMOBH maxd (o;)—)(), TO BOHa
i

Ha3MBAE€THCS IMOBEPXHEBHM IHTErpajoM MEpHIoro poay Bix  (YHKIII

F(M)= f(x,y,z) 10 HOBEPXHi o i MO3HAYAETHCS:
175 2o
ag

TaKAM YHHOM,

gf(x, v,z)do = lim)_}(};f(xi,yf_,z;-)-Ao'f, (1)

max d( o,
i
Jlna Oynp-sakoi HemepepBHOI (yHKIII f(x,)y,z), IO BHU3HAa4YeHa Ha

IJIaJK1A TIOBEPXHI o, ICHY€ MMOBEPXHEBUM 1HTETpall IePIIOro poy.

BaacTtuBOCTI MOBepXHEBUX IHTErpaJsiB MepuIoro poay
1. Jliniunicme. SIkmo ¢ynxmii fi(x, v,z) ¥ f5(x,y,z) HemepepBHi B
AKIHCE B 00macTi J C R, MmO MICTUTH IIaJKy MOBEPXHIO &, «, [/ — MOBUILHI

KOHCTAaHTH, TO

[[(afi(x.y.2)+ Bf(x. v 2))do =al[ fi(x. v.2)do+ S| fo(x. . 2)do.

2. Adumuenicmp. SIKIO IIajgKa NOBEpXHSA o PO30HMTa HA YaCTUHU O, U
05, IO He MAIOTh CIIUIBHUX BHYTPIMIHIX TOYOK, TAKAM YHHOM, o & =0, Uo,,

TO

”f(x y_,z)dO':”f(x, y_,z)da-i—”f(x, v.z)do.



3. Inmezpysannsa nepienocmeii. SIxmo ¢Gyukiii f(x, v, z) # f5(x, v, z)

HeIlepepBHi Ha TIOBepxXHI o U 7 (x, v, z)= 7, (x, v, z) Ha 111l TIOBEPXHi, TO
pep p Nh(xy,2)2 f5(x, 0. 2) PXHi.

[[f(x.v.2)do = [[ fy(x. v.2)do.

g

4. OQuinka noeepxHeeozo iHmezpana. SKMoO Ha TOBEPXHI o

m< f(x,y,z)<M,T0
m- S, S”f(x, v,z)do<M-S,,
o

ne S, — Iiomna IOBepXHi o .

5. Teopema npo cepedne 3nauenna Qyukuii. SIxkmo ¢yukuis 7 (x, y, z)

HellepepBHa B SAKIACH B o0macti V' — R’, mo MICTUTH TJIAJKy OIHO3B'SI3HY

IIOBCPXHKO o, TO Ha HOBerHi o BHaﬁI[eTBCﬂ, HpHHaﬁMHi, OJJHa TaKa TOYKa

I (xo_;yo;zo) , V AKIH
1
(spao) =[x 21
Ak, D- g

[IpaBa gyacThHa I11€1 PIBHOCTI HA3UBAETHCI CepeIHIM 3HaUeHHSIM (YHKITIT

f(x,y,z) Ha moBepxHi o .

OO0unc/IeHHS MOBEPXHEBUX iHTErPAJIiB MEPUIOTO POAY
Hexait f(x,y,z) — HemepepBHa (DYHKI[S, II0O BH3HAYeHa Ha IVIaJIKiH
MOBEPXHI o, 3ajaHa PIBHAHHAM z=2z(x,y).(x,y)€0,,, Xe 0, — 3aMKHeHa
oOMeskeHa 001acTh — MPOEKI(IS IMTOBEPXH1 ¢ Ha 1ionuHy xOy (puc. 2.2).

Tom

”f(xa v,z)do = ﬂfl:(‘?e }’:2(«\5, y)):"\/l-l-(z; )2 -l-(z‘r’)zdxdy. (2)




3a popmyioro (2) oOUHCIeHHS TOBEPXHEBOTO 1HTerpaia o MOBEePXHi

o 3BOJIUTHECSA 10 OOYHCIIEHHS II0JIBIHOIO 1HTErpaa I10 IMIPOeKIii &, MOBEpXH1

o Ha IIomuay xOy .
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Skmo moBepXHA o 3ajaHa PIBHAHHAM x=x(),z) abo y=y(z x), TO

‘-r‘v

OOUMCIIEHHs1 IOBEPXHEBOIO IHTerpaja (1)  IPOBOAUTHCS BIANOBIIHO 3a
dbopmymamu:

J[[7 . r.2)do= [[ [(x(0-2). 0.2)] 1+ ()

2

+ (x:r )Zafydz ., (3)

”f(\: y,z)do = ”f[(\: y(z, x),z)} : \/’l+(y__’)2 +(y;)2dzdx. (4)

3aysascenns. IloBepxHeBl I1HTerpald IMEpIIOr0 POAY MOXKYTh OyTH
BU3HAUEeHI W U1 3aMKHEHUX IOBEpPXOHb. Y IIbOMY BHIIAJIKy, IIPU 3BeJIC€HHI
MOBEPXHEBOTO IHTETpalia [0 TMOJBIAHOTO I1HTerpaia Ciii CKOPUCTATHCS
BJIACTABICTIO  AJIMTUBHOCTI  IMOBEPXHEBUX  IHTErpaliB 1 IPeJICTaBUTH
MOBEPXHEBHUH 1HTETpaI 110 MMOBEPXH1 ¢ Y BUIJIA/II CYMH 1HTETPaIiB MO KOKHIN 13

YaCTHH IT1€1 IIOBEPXHI.



IIpukaan. O6uncauTu ”(x + v —z)d O, Ie o — YacTHHa IIJIOIIUHH

(e

2x+3y+z—6=0, oo po3ranoBaHa y IepuioMy OKTaHTI.

Po3s'sazanus.

Hanumremo piBHSHHS MOBepXHI o y BUTIAML: Zz=6—2x—3y. OCKUIBKH

2 2
z, =-2, le__.’ =-3, TO \/1 + (z_\_’) + (z},’) =J1+4+9 =/14. Toxi 3a dbopmyioro

(2) orpuMmaeMo:

H(x"'y_z)do':H(x+}’—(6—2x—3y))-\/1_4dxdy:

XY

™
—
-

=JIEIJ.(3.\'+4_1'—6)¢l\‘c'[1'=\/—l'_4;|‘ dx I (3x+4v—-6)dyv=
D 0

0

, o B B &
.\‘)+2{2—;.\‘) —6(2—;.\'”([\‘:

=13 [ (33 +20° - 6y) * dx =~/1_4[[ 3.\-[ 2
0 0

0

2 | 12

= Jljj( —1—0—.\‘2 +1—;£.\'—4 ] dx = \/1_4( —-l—(;.\": +%.\‘: —4.\')

o 9

-

=14(21-10-12)=—/14 .



Bionogion: —J14 .

Ipuxiaax. O6uucIuTH ”(Sx — 7 —22) do, ne o — 4YacTUHaA
(=)

. .. 2 2
IOBEpXHI mapadoioiga x =y~ +z~,z >0, gka oOMeKeHa IUIOMHUHOK X =2.
Pozse'azanus.
. . . 2
OCKUIBKH ITOBEPXHS 1HTETPYBAHHS 3a/IaHa PIBHIHHIM X = y2 +z~, TO 1A

o0uHCIIeHHA 1HTerpaia ckopucTaemocs Gopmyiioro (3).

‘—1'

2y,x; =2z, Tomi d0'=\jl+4y2—|—422 dy dz

[[(5x=3*=2*)do= H(5(y2 +27) -y —zz)-\/1+4(y2 +2%) dy dz =
a O-l’Z

f
Maemo x,

= ”4(}?2 -1-22)-\/1-1-4(};2 -1-22) dy dz.

vz
O61acTe o.. — IHBKPYT 1° 2-227>0 0T 1
- pyr y +z"=2,z2>0, ToMy nIpH OOYHCIECHHI

O/IBIMHOTO 1HTErpaja nepeu1eMo 10 MOJIIPHUX KOOpAUHAT:

g

[[(sx=32=22)do = [[4(* +22) -1+ 4(> +22) v dz =
Oz



i

f4p3«\/1—|—4p2dp=
0

N

9 > 3
=|4p*=t-1dr=8pdp =%j‘(r—l)\/?dr=£[zr2 —zﬂ]
1

= ” 4,0%./14—4;72 pdqodp=j do
(92) °

3amina :t =1+4 pz

| 815 3 ),
t,=11,=9
:r|:(2 5 2 ] (2 2]} 77(242 26'] 149
=—|| =3 —=3 |-|=—=||=— — = .
8L\5 3 5 3 415 3/ 15
Bionogiow: &ﬂ'.
15
Ipukaan 3. O6uncauTu sz do, ne o — 3aMKHEHa IOBEPXHI:
o
z=\/x2+y2,z=2.
Poss’azanns.




O — 3aMKHEHa IIOBepXHs, TOMY I OOUMCIIeHHs 1HTerpaly po3ib'emo o
Ha YaCTUHHU o; ¥ &, — OCHOBA il 614Ha IoBepXH: KoHyca. Toxi

sz da=”x2 da—i—”x2 do .
a ('_71 D':

O6macte ©,, — Kpyr, TOMy HpH OOUHCICHHI MOIBIMHHX IHTErpaiiB

Hepeﬁz[eMO 10 ITOJKIPHHUX KOOPJAHUHAT!

1) 6,:2=2, do=dxdy, oTxe,

”xz do = ” x*dydy = ” prcos @ p dgodpzzfcoszgodgo"%p?’ dp=
’ 0 0

o1 Ty (o)
27 2 / ) \|27
1°f pJ'J 24( L . J
=— | (1+cos2¢)| — || dp=—"—| p+—sin2 =4r;
2£( @)[ TR,

X“+y X"+

2 2
| RS %
do= \/1-1— ——+t—5—5 dvdy=+2dxdy, orxe,

X +y X +y

”x2 do= ”xz-\/fd\:dy=\/§”x2 dxdy=4\/§7r.

TakuMm 4ruHOM,

”xz d0'=472'+\/5-47r=477(\/§+1).

Bionoeiow: 4;1'(\/5 + 1) :



do

Ilpukaax 4 OOGuuciauTH ” 5, [Ie O — TOBEPXHs TeTpaelpa,
- (1+x+y)

3aJJaHOTO HEPIBHOCTAMHU X+ V+2z <1, x,1,z=0.

Po3ss'azanns. o — 3aMKHEHa MOBEPXHS, TOMY JUIsi OOUMCIIEHHs 1HTerpalia
po310'eM0 ¢ Ha YOTHPH YacTHHHU: C;,0,,0; 1 0, — IpaHl Terpaenapa. Toxi
=IA1+0)

o G2 O3 Oy

O69HCIIMO KOKHHM 13 [TUX 1HTETPAJIIB:

X

1) 6,:x=0,do =dydz, Tom

e [ N [

I+x+y) l+v
7 (

=_I _a’y +2IL=1—1112;
0(1+Jﬂ o (1+y)
2) 0,:v=0,do=dzdx, Toni

“‘ _“‘ dzdx =£ | d,i J.'szzj.(l—x)cix:

(l+x+1ﬁ



=_I 1+Y j dx >=1-1In2;

3) 05;:z2=0,do=dxdy, Tom

H do 2:“‘. dxdy zzj‘dx'
0

GT3(l+x+y) 03(l+x+y)

L dx dx 1
:'([(l-l—x)_j =In2-—;

4) c,:z=1-x—-y,do =\/§dxdy , TOJI1

] -fII = -ﬂd’f! e

[+x+y l+x+1 l+r+1
o ) 0 )
; 1 - ; dx ld\'. 1
e L =
5 (l-l—x-l—y)o o (1+x) 02 2

OcTaTO4YHO MA€EMO:

ﬂ —=2(1-n2)+ (an—%]+\/§(1n2—%]=%—ln2+\/§(ln2—%].

l+r+v

Bionoegiow: ;—1112 +\/§(ln2 —%]

MNOCHUJIAHHA 10 JEKIIII:

https://www.youtube.com/watch?v=9hZexZXP8QU
https://www.youtube.com/watch?v=nGeoH-5q4ko

https://www.youtube.com/watch?v=tYpcfPwBKs8



https://www.youtube.com/watch?v=9hZexZXP8QU
https://www.youtube.com/watch?v=nGeoH-5q4ko
https://www.youtube.com/watch?v=tYpcfPwBKs8

