6. HIOBEPXHEBI IHTEI'PAJIN

6.3 3B’s130K MiK MOBEepXHEBUMHU iHTerpasamMu 1-ro ta 2-ro poay

Hexaii ¢ — OpI€HTOBAHA MMOBEPXHA, 00OMEXKEHA KOHTYpPOM L . SKHI He Mac To-
HYOK CAMOIepeTHHY. byaeMo o0XOOHTH KOHTYpP ¥ JOJATHOMY HaIpHMi, TOOTO IPOTH
FOJHHHHKOBOT CTPUIKH (AKINO 3MIHHTH OPI€HTAID MOBEPXHI, TO JOJATHHH HAIPAM
IMIHHTBCH HA BiI €MHHH) [IpHOVCTHMO, o MOBEPXHI © 33JdHO pIBHAHHAM
z=f(x.y).1 Rix y.z) — obmemeHa QVHEIIE, Ky BHIHAYEHO HA IIOBEPXHI T.

X

3riJIHO PO3TJIATYTOTO paHinie, Skmo GyHKIs R(x,y, z) HenepepBHa Ha TOBEPXHI O,

TO icHy€e MoBepXHeBMI iHTErpan 2-ro poxy | fa R(x,y,z) dxdy, ne enemeHTapHi

MOBEPXHI pO30OUTTS OyJIM CIPOEKTOBAHI Ha KOOPJIMHATHY TUIoKHY XY 0.
[ToBepxXHIO G MOXKHA MPOEKTYBAaTH HAa KoopAHHATHi1 miomuHHE Oxz Tta Ohvz.
Toxi MaeMO 1I€ ABa OBEPXHEB] 1IHTEIPATIH:
”P(r. y.z)dvdz. “Q(\ y.z)dxdz .
c <

ae dyurmi P(x.y.z). O(x.y.z) — dyHKOii, BH3HAYEH! B TOYKAX [IOBEPXHL G .

Hexaii cosO.cosP.cosy — HampsMHI KOCHHYCH HopMam 7. Tomi
dxdy =cosYdG . dxdz =cosPdG. dyvdz =cos0dG . 3B1ICH BHIUTHBAaE CIPABeLIHBICTE
dopmy:

j._l‘R(x, ¥.z)dxdy = ”R(x..\'-z)cos‘ydo i

“ O(x. y.z)dxdz = ”Q(x.,\'. z)cosPdo .



”P(x, y.z)dvdz = ”P(x,y. z)cosado .,
. !
TOOTO OTPHMYEMO 3B H30K MUK TOBEPXHEBHMH 1HTerpaitaMH 1-ro ta 2-ro poay.

HagpeaeH: moBepXHEB1 IHTErPATH MOKHA 00 €IHATH B OJHH:
Hdedz + Qdxdz + Rdxdy = ”(Pcosa + QcosP+ RcosV)dG .

c c
SAximo noBepxHs ¢ 3anaHa piBHsSHHIM F (x,y,z) = 0, To ii HOpMaUTIO

B Toam (x,¥.Z) € Bekrop M(EF (x,y.z),2F (x,y.2).2F (x,¥.z)) (3HaK

nepel KoOPIHHATAMHE BHIHAYACTECA CTOPOHOK MOoBepXH1). OTHEE, HAIPAMHI

KOCHUHYCH IJIA (1)OpMy.]'II/I BHUIIIC BU3HAYAIOTHCA CHiBBiI[HOIHeHHHMH

F
s =x——, csf=x——, cosy==x

— 7 3 2
ae |n|= JFI' +F, +F" .

SIKIIO 7K PIBHSHHS IOBEPXHI 0 NPEICTAaBISEThCA y BUMIIAM z = Z(X,Y) , TO
mns i Hopmani n = (+2zx(x,y), +z,(x, y), £1) Moxemo 3anucatu

x( ,y) cosS ﬁ y( J’)

|71 |71

e |7 = sz<x V? + 2 (6 y)? + 1

cosa = + , COSY = +—

IMpuxaao 1. TlepeHTH Bid MOBEPXHEBOTO IHTErpaly IAPVIOro POAY

fR(x.y,:)d.\dv IO TIOBEPXHEBOrO 1HTETPATY MEPHIOro POAY. AKIO S —
s

BEPXHA CTOPOHA HamBchepH = =

Poze’szanHsa. BEKOPHCTOBYIOUH hopyMyaH (6.3). BHIHATHMO €OS ¥ :

zZ(x, )= \)1 oA _1'2 -

! —X 7 -."'
T 5 =2 B )
\/l—x'—y' Jl—x'—



35 s 1 2 2

\/.:x +z, +1= s €Sy Jl=-x"—y°.
4 2 p
\/l—x’—}“

BimMITHMO. IO TaK SK 474 BEPXHBOI CTOPOHH IOBEPXHI KVT Y TOCTPHIH. TO

cos y > 0. To6TO B BHKOPHCTaHIH QopMym HeoOX1IHO B3ATH 3HAK ILIIOC.

Bpaxopyioun. mo P=Q =0, Ha ocHOB1 hopMyIH MAEMO

j R(x,v,z)dxdy = I R(x,y. :}-u'( 1—-x° — _}'2 ds .
3 5

6.4 ®opmyaa Octporpaacskoro-I"aycca

Popmyna OcTporpaacskoro-Iaycca BCTAHOBMIOE 3B 430K MUK MOBEPXHEBHM
IHTETpaToM 2-To POV M0 3aMEHEHIH MOBEPXHi 1 MOTPIHHEM 1HTETPAIOM IO OPOCTOo-

POBIH 00IACTL. K3 0DMEHESHA [ICH IOBEPXHED.

_ 3
Hexafi zaMrreHa 00nacte G B 00MeEeHA 3aMEHEHOK NOBEPXHEID ©. NIPH-
HOMY 3HH3Y Ta 3BepXy 0OMemeHa MAIKHMH MOBEPXHAMH o, Ta o, . DIBHAHHA SKHX

BUIMOBLTHO Z =Z7(X.)) Ta Z=2,(x.)). 1 Dy =np, G (puc. ). Hexadl B obnaci

(G BH3HaUeHO HemepepBHY GvHEmM0 R(x.y.z). SKa B M 00IacTl Mac HENEpPepEHY

. cR
MOXLOHY — .
oz




Po3rasHeMo MOTPIHHHEH 1HTErpal
[ | [ —a’xdxd- (] dxdy ([ J)—d- = [| RGx.y.23(c. ))dxdy = [[ RGx.y.2,(x.y))dxay.
Dy 5 (xy) & Dy Dy

V mpapiif 9acTHHI Wi€1 PIBHOCTI NEPIIHH MOJBIHHHH 1HTETPAT JOPIBHIOE MIOBEPXHE-
BOMY 1HTerpaxy Bix ¢yeKmi R(x.y,.z) Mo 30BHIIHIA CTOPOH! IOBEPXH! G, (TYT HoO-
PMaTh i1, A0 L1€1 CTOPOHH YTBOPIOE TOCTPHH KyT 3 Biccro Oz). JIpyrHit moABLTHHMI
IHTErpal JOPIBHIOE MOBEPXHEBOMY IHTEerpady Bia ¢ymkmi R(x.y.z) mo 30BHIMHIA
CTOPOH1 NOBEPXH1 G,. AKHH B3ATO 31 3HAKOM «MIHYC». OCKLIBKH HOPMATb 77, JO L€l
CTOPOHH VTBOPIOE TYIHHE KT 3 Biccio Oz . OTxe:

‘[ ‘[' Z—Ifdxdrdz =_[_[ R(x.y.z)dxdy +‘[_[ R(x.y.z)dxdy = j_[ R(x.y.2)dxdy. (44.1)

¢ “- B =, <

cQ

: : : cP
AnamoriiHo y npunymeHsH:. mo ¢yHrmi P(x.y.z). O(x.v.z). —. ™ Helle-
ox oy

pepeH1 B 06xacTi G, micTaEeMo OPMYIIH:

m—d"d"d” HP(.X', v.z)dyd:z , (4.4.2)
I %ﬁ‘d"'d-"dz ~[[ 0. ¥.2)dxd= . (4.43)
G B

CKIaBIOH TB1 Ta IPaB1 YacTHHH piBHOcTeH (4.4.1). (44.2). (4.4.3). aicTanemo
Gopmyry:

H[[ T2, il |i'm’3 dz = ”Pﬂ’yd’ + Qdxdz + Rdxdy . (4.4.4)

ché’jv

AKY HA3HBAKTE ¢+np:-r},f.11c:+m Dc*rpnrpa.u;cu:nm-l"a}cca BurkopHCcTaHHEA M€l dopMyIH

TO3BONAE ¥V HH3I BHIIAJKIE 3HAYHO NOJETIIHTH 0OYHCICHHA MOBEPXHEBHX IHTETPA-
TE 2-T0 POy MO 3aMEHEHHM IOBSPXHIM.

Mpurnad. OGTHCIHTHE NOBEPXHEBHH 1HTETPal

I= ”xzaf}'dz + 3ydxdz — 2xzdxdy |

Ie ¢ — 30BHINIHA CTOPOHA IMOBEPXHI IMPaMLTH, VIBOpeHoi mnomeHaMe x =0, y=0,
z=0. x+y+z=1 (puc. 25a).

5 R .
=2x £=3__ —=-2x_3rigHO 3

2 cl
Maemo: P=x"., 0=3y. R=-2xz; —=
ox v oz

thopuymoo (4.4.4):



l-x-¥% 1

1 I-x
1= |[[(@x+3-2x)dxdydz =3[[[dxdydz = [dx [ dv | s = >
& ] a

G 0
HeciIagHo NepekoHAaTHCA B TOMY, ID0 De3nocepedHe 0OUHCIEHHS NEOTO [IOBEpPXHE-
BOTO IHTETPala DOTPedYe 3HATHO OUIBIOOTO 00CATY OOYMHC/IEHE.

6.5 ®opmyaa Ctokca

Popuyaa CTokca BCTAHOBIIOE 3B H30K MUK IIOBEPXHEEHM 1 KPHBOMIHIHHHM 1H-
TerpaiadH. Hexafl ¢ — NOBepXHA. KV 3aJaHO PIBHAHHAM = f(x. V). opHIoMy $y-
mrmi f(x, y). f;(x.¥). f,(x.y) menepepeni B o6nacT1 [, mo € IPOEKIIEI0 NOBEPXHL
¢ Ha mmomHHEy Chy . Hexai [ — KOHTYD. AKHHA 00MeXYe IOBEPXHIO T, a | — MpOeK-
1A OBOT0 KOHTYPY Ha wiomuHy Ohy . Taxmm guHoM. KoHTYP | € Memero obmact: D

BuiepeMo BepxHIO CTOPOHY MoBepXH1 ¢ (puc. ). Hexadl dyvuxma Px. v.z)
HETIEPEPEHA Pa30M 31 CBOIMH YacTHHHHMH MOX1THHMH 1-TO MOPAIKY HA NOBEPXHL O
PO3rIaHEMO KEPHBEOMHIHEH 1HTETPaI 2-To pomy:

g}P{:r. y.z)dx .
i

et

a
;s

./-r‘?:l
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x i
OCEUTEEH KOHTYpP L Te&HTE Ha IOBEpXHI T, TO KOOPIHHATH HOTO TOYOK 3a70-
BOJBHAITE PIBHAHEA Z = f(x.y). 1 ToMy 3Ha9eHHA dyeEmi P(x.y.z) B ToUKax KOH-
Tvpy L JopiBHIOOTE 3Ha"eHHAM yvEEmMI P(x, v, f(x,v)) ¥V BIIDOBITHEX TOUKAX KO-

HTYPY [ . 3BLICH BHILIHBAE, IO
P(x.y.2)dx =P P(x.y. f(x.3)dx.
I i



Ho HTerpamy, o CTOITh ¥ IPABLH HacTHHI i€l PIBHOCTL, 3acTocyeMo dopmyry I'pi-
Ha (gue. II. ¢. I'pina)
c:P oP &
qSPtx v.f(x J}}dx——[ |

:5"1:'3"’:5"1

1 dxdy .

DcEjJIE.xH PO3TNANAEMO BEPXHE) CTOPOHY MOBEPXHI G To cosy >0, me ¥ — KyT MK
HOPMALTIO 7 J0 moBepxHi 1 Biccko (7 (Vv DaHOMY BHIOAZKY OeH KvT rocTpHi). Ocki-
TEKH HaOpaM HOPMAT OO0 IoBepxH1 7z = f(x.)) CMEBIOagac 3 HaOpAMOM TpagicHTa

dvEEmi F(x. y.z)=f(x,¥)—z. To MOEEMO YV SKOCT1 HOPMAT B3ATH CAME TPAIIEHT, 1

TOM1 ﬁ—{ & i 1} Hexafi cosd. cosp, cos) — HaopaMHI KOCHHVCH HOPMAII.

T .cosp of ey of

omi =—" " =—— 3BIICH OTPHMYEMO:
COSY -1 cy
—Hl ﬂP SP 5‘" H[EP cP Cﬂgﬂ dx ﬂr __H[Ecgg'f—iﬁcnﬁﬁ do
E,-J.l &— q‘}-‘ ‘E"r ﬂJ, -I:'._ COs 1|‘r___.' I'ﬂ-- ﬂ_]? = 2
Otxe:

\
CbP(x y.z2)dx = ”(—cosﬂ—g‘—Pcos {Jdc
Ana:lon'mo OpH BHKOHAHH! BIANOBIIHHX VMOE JOBOAHTBCA CIPABELTHBICTH
dopmya:
cf;Q(x. y.z)dy = ”(gcos Y —gcosa }a’c }
3 1. 0% 6z ,

CfJR(r y.2)dz = ” —cosa—ﬁcosﬂ)dc
: TS
Z[O;I&IO‘!H JHEB1 1 IPaB1 YaCTHHH TPHOX OCTAHHIX PIBHOCTEH, JICTAEMO (OPMYITY:
\ N
<f>Pa'r+Qd1 +Rdz = “ {ﬁ-‘?—g coso. +(-C£—ﬂz-]cos[3—
! &z ) & ox
e érP) | .
+(TQ-TJCOS‘{<!JG, (4.5.1)
- /




AKa Ha3HBaE€ThCA gopmyiroio Cmoxca. 1i MOXKHA 3aIHCATH V IHIIOMY BHIVIAAL, OUTBII
3PVIHOMY JJIA 3allaM STOBYBAHHA:

cosa cosP cosy
D o) ¢
<f>de+Qd3'+Rd:= “ S B Lige
1 | X oy ez
P Q R

3a momomorow dopMymH (4.2.3). mo IOB’A3ye MOBEPXHEB! 1HTerpan# 1-ro ta 2-ro
poay. dopmyay CTOKCAa MOXKHA TaKOXK 3aIIHCATH 3 BHKOPHCTAHHAM IOBEPXHEBOTO 1H-

Terpaiy 2-ro poay:

e rde = ([ CR_92 )\ gs o[ P _OR) 1 [ 22 _2OP)
{ i)de+Qd}+Rd |[[ o |+ (o* dexd [al Q‘)aﬁd]

Ipuxnao. 3a gonoMorox ¢popyMytH CTOKCa OOYHCIHTH IHTETPal

I= (ﬁ 3d‘(+d] '+ zdz,

me L — xomo x*+)°=1. z=0, a moBepxHA G — BepXHA CTOPOHA MiBCHEpPH

x?+y*+2z2 =1, 2> 0. 106x11 KOBTYPY L 3MifICHIOETBCA Y JOJATHOMY HAIIPAMI.
Maemo: P= xz_vs. Q=L R=:

o OR_2Q_ PR

ox oy oy oz o o

=0.

[Ipoekmeto D NoBepxH1 ¢ Ha mumomuHY Chy € KpyT x*+ v £1. 3a dopuymow
CToKca mcTaeMo:

I=-3 ” Xy dxdy =3 H X"y dxdy = —ETJq} [p cos @sin” gdp =
= Dyy [}

6.6 [lesiki 3acTOCYBaHHSI MOBEPXHEBUX iHTErpasiB
6.6.1. 3acmocysanns nosepxnesux inmezpanie nepuio2o pooy

1. IThowa noeepxui G :

S°=Hdc. (2.5)

2. Maca mamepiaavuoi obononku. Sxkmo y=y(x.y.z) — TOBepXHEEa



ITUTBHICTE PO3MNOAUTY MACH Ha MTOBEPXHI ¢ . m — Maca MaTep1aIbHOI 000IOHKH

. TO i1 Maca

=Hy(x,y.z)d0'. (2.6)
3. Hexafi Touka C(X..V.:Z.) MEHMP 6acu MaTePIaTbHOI NOBEPXHI o
TOAL:
ﬂx/(x y.z)do ﬂyy(x, y.z)do
. po M _ G
€ Hy(x v.z)do ™ H}'(x,_v,:-)da
G c (2.7)
ﬂ'y(x y.z)do

"l

Hr(x y.:

Ae my .M. .My — CTaTHYHI MOMEHTH MAaTepiaJbHOI ODOIOHKH & BIZHOCHO
BIANIOBIIHHX KOOPAHHATHHX ILTONIHH.

4. Momenmu  iHepwii  MaTepianbHOI OOOMOHKH O BIJHOCHO
KOOPAHHATHHX OCeH 00THCIIOITLCA 332 dopMyIaMHu:

Z. ” ¥ +22 )y (x.y. z)do 1, —”(1 +22)y(x,y.2)do.
I H x> +3%)y(x.y.2)do. (2.8)

ze I,.I,.I. — MOMEHTH iHepIii BIAHOCHO KOOPAHHATHHX ocedl Ox.Ov.0O:

BLITIOBITHO.
3ayeaxcerHs. SIKIIO NOBEPXHA O OZHOPIAHA, TO ¥ = CONST.

1 -
5. Cuna maxcinna F =(F,.FF, ) MateplanbrOi TOUKH M (X, ,:2; )

MacH m, Ma'repia.fmaoro MNOBEPXHEK O -

F, = GmOH 0y (x.y.z)do. F, =Gmoﬂ J';B,l’o y(x.y.z)do.




’.3:0 y(x.y.z)do. (2.9)

F, =G|
g
- - o - - 1 1
Ae G— rpaBITalIHHA MOCTIHHA, »* =(X—Xy1V — Vy:Z —Zp ) r=|r|-
Hparkiaz 26. OOYHCIHTH IUTOMY YacTHHH chepH x>+ ,1"2 +z2°=a’. sxa

PO3TaIIOBaHA YCepPeIHH1 THHAPA X +y'=b*(0<h<a).

Poze’azanns.

Ilnmuap BHPI3ye Ha MOBEPXH! cepH AB1 YaCTHHH O, 1 O, . CHMETPHYHI
BITHOCHO KOOPAHHATHOI IUTOINHHE xO) .

ITnomy noBepxHi ¢ 0OUHCINMO 3a dopmynomo (2.5):

S=J;! da=g d0'+£{ d0'=2.g do.

: 2 2 2
OCKUIBKH O : :=Ja‘—x°—y', TO
- =——x '.-" =
E T I
a —-x -y
adx dy
TOMY do = - Otxe
9 9 2




- 0 L2 -
OCKUIBKH O, — KPYT X +) <b°. TO OOTHCIEHHS NpPOBEAEMO B

MIOIAPHHX KOOPAHHATAX:

Bionoegiow: 471'0((1 - Jaz -5 ) :

Mpuenax 29. 3HafiTH OeHTp Bard OJHODLOHOL (¥ =1]| MaTeplaabHol
IVIACTHHEH ¢ . 2x+yv+z—4=0 x, yv.z=0.
Poze'a3aHHA.
CropHcTaemocs dopmviaaMeE (2.7). Macv IUIacTHHEH 3HaHZeMoO 3a
dopmymoro (2.6):
my = _Uy(x.y,:)do = H do .
G

g

OckumbkH 0:z=4—-2x—y.T0 Z, =—2,2, =—1H do =+[6 dxdy. OTxe.
ma=~/g“ dxd,\'=\/g-%-2-4=4s/-6_.
Gy -

3HaHIeMO CTaTHYH1 MOMEHTH ILTACTHHKH:



Hrydo* \/_Hrdxdl J_dexf dy= J_ 4x—2x") dx =

o

OTKE, Xp =

m_, —H1yda J—H\dxdt J_}dx“_fx_w_ %iM 2x) dx =
,/'

12

m
OTKE, Vo =—"=
m

W | 4

2 4-2x

_J’j~/da «/—j' 4—2x—y)dx dy = J—jdxj’ (4—2x—y)dy=

-9
.,4 2x

I[ .—711— de=x/gj'(2x2—8x+8)a’x=
0 2l 0

|6

=2JE(——8 8

la 3
m..,
OTKE. Zp =—’°=i.
m 3
2
Bionoegios: C(—iiJ
33 3

Hpuaxnaax 30. OOYHCIHTH MOMEHT 1HEpUii BIZHOCHO oct O OZHOPIAHOL
(7 =1) chepuunoi obononkn o: x> +y*+z>=a’. z=20.

Po3zsg’azanrs. CxopHcTaeMocs dopmynamu (2.8):
T =ﬂ(.r2 +_\'2)y(x, y.z)do.
o



OCKUIBKH

X
2
a3j(l—sin2t)dsint=a3[sint—
0

oTxe, /. =—3-ﬂa4.

Bionoegiow: 1. =;)m4.

6.6.2. 3acmocyeanns nosepxuesux iHmezpanie Opyeo2o pooy



Skmo  Bekrop-pymkuis  d(M) = R(x,y,z)l + Q(x,y,z)] +
R(x,y, z)k Bu3Hauae B koxxH1i Toulll M (x,y,z) MBUAKICTh T€Uli PiIUHU
V, To moBepXHEBUI 1HTErpas Opy2o2o pody OOUUCITIOE MOTIK a00 KUIbKICTh

PIIMHM, IO MPOTIKAE Yepe3 00paHy CTOPOHY MOBEPXHI 0 3a OJMHUIIIO Yacy.

n=ﬂ @-7)do

SAKo 0 — 3aMKHEHa MOBEPXHS, TO MOBEPXHEBUN IHTErpal 0p)20co
PpOOY — PI3HUII MK KIJIBKICTIO PIJIMHH, 1110 BTIKa€ B 00J1aCTh, 1110 00MEKeHa

MOBEPXHEIO O , 1 KUTBKICTIO PIIMHU, IIIO BUTIKAE 3 HE.



