Moayas 2: HUCJIOBI TA ®YHKIIOHAJIBHI PAIN
Jlexuis 44: YU CJIOBI PAIN

43.7.3 Paoukanvna osnaxa Kowi
e )
Teopema. Hexail dano 3Haxododamwuuii pRd > a, . AKwjo icCHYE CKiHYeHHa
el

SParHuYA hmz-'/an =[, mo npu [<l1 — pad 30icaemvca, npu [>1 — pad

M—%0
poszbicacmuea. IHIpu =1 nompibne dooamxoee 00CAIONCEHHA.

Hosedenns. a) Hexait lim /a, = 1il < 1. JloBeaeMo 301KHICT PAIY Yomeq Q.

n—>00

3a 03HAYEHHSIM TPAHMIIl YUCIOBOI MOCTIAOBHOCTI IS KOXKHOTO € > 0 iCHYe HOMEP
N Takwuii, 10 mpu 1 = N BUKOHY€THCSI HEPIBHICTD
[—e< ’i/a—n <l+¢

3a mpunyiieHHsM [ < 1. BizbMeMo € HacTUIbkH MajuM, 1o [ + € < 1. [lozHauumo
l+¢ =q <1. Tomi

% <l+e=¢q <1
abo

a, <q"

Ockinpku mpu 0 < g < 1 psg (reOMETpUUHUN PAO) Ymeny g " 30iraerscs, TO 3
OCTaHHBOI HEPIBHOCTI, HA OCHOBI MEPHIOl O3HAKK MMOPIBHAHHSA DA Dipepn An
30iraeTbest Takok. Tojil, 3TIHO 3 BIACTUBOCTEM 301KHUX psAMIB Oyae 30iratucs i
TaHUMN DA Yop—q Ap, SKHH OEPIKaHO MPHUETHAHHIM 10 HhOro N — 1 ujieHiB: a4, d,,
oy AN_1.

0) Hexaii lim /a, = lil > 1. JloBeaemMo po30ixHICTb PAAY D.pyeq Q-

n—-o0o

Bubepemo ¢ Hactuibku manmum, mo [ —e& > 1. Toai npu n = N BUKOHYETHCS
HEPIBHICTh

Ma,>l—e>1
3BiJKkH, a, > 1



TakuMm YMHOM, YICHHU POy Yp—q Ay, HOYHHAIOYM 3 Aeskoro Homepa N, cTaroTh
oubIre 1. 3 MbOro BUILIMBAE, 11O

lima, #0

n—-0o

BinmosigHo 1o Hacmigky 3 TeopeMu (HeoOXigHa yMoBa 301KHOCTI), JaHHHA Psf €

PO301KHUM. AHAJIOTTYHUHN pe3ynbTaT Mae Mictie i mpu [ — +co. B

Illpakmuuna  pexomenoayis.  3ayBaxuMo, 110  paJuKajdbHa  O3HAaKa
3aCTOCOBY€THCS, KOJIM 3arajlbHUM WIEH psaad TPEJICTAaBICHO BHPA30M €

100yBa€ThCS KOPIHB N -T0 CTEINEH.

Ilpuknao 1. Jlocnianutu Ha 301KHICTh YUCIOBUHN PS/I:

. 2_ xa_
1, .1 1) 1{ 1
—(1+1)+—|1+=| +—|1+=| +..+
2 241 2 27 3,
y '\H: . ) Jr;!--.
'|‘L :l_'|'l +. .= Eill+l
am | n 12"\ -

R

y 1 1
Po3g’A3a1AHA. 3aTANBHHA 4IeH PATY U, = —H[ 1+—
2 H

-

'

2
w M

1( 1 1/ 11
JI||E:||”=J|_H[1+_ :E 1—_] ;
. |

2 iy n)

| 1, 1y
p=lm Hu, =hm—|1+—
n—# oo n—x=2\ n,

e
2
OckutekH e > 2, To p=2/2 > 1. OT&e, 3a 03HaK0w KoIm JaHHA paI € po-

3JOLEHHM.
BiOmoB1Ob: pAI POIOLAHNN.

n
. . . o n
Ipuknao 2. Jocnaiantu Ha 301KHICTD YHCAOBUM PII: Y1 (3n 1)



3acToCYeMO PaIHEATRHY 03HAKY Kom. MataMenmo:

1= gmlﬁ-'zzﬁmizlhanl{L

OTHE PAI 30LKHHEA.
Ilpuknao 3. Jlocniautu Ha 301KHICTh YUCIIOBUH PSI;
zoo (n . 1>n
n=1 n
Tako® 3acToCYeEMO PATHEATEHY 03HaKy Komn. Maemo:

"2 -
a :[H_“ 1 f.,.."alzﬂ—ﬂ._limﬁu hmﬂ—ﬂzlim[l+l):l._

s n n == n = o)

1 osgaka Komm He Oae El,I[l'IﬂBl,Iﬂ Ha IIHTAHHA IIpO 30LEHICTE PAOY. CHPGI}VEH{]
H.I,I[IHTH A0 OBOTO ITHTAHHA 3 1HIIOTO IJDIIIV PosrngHeMo TPAHHIOK 2alaTBEHOTO WICHA

PAIY-

limaﬂ=li_m{1+l] =ex0.
gz e—|-==. ﬂ_

TaknM 49HHOM, He BHEOHAHO HeoOXITHY VMOBY 30LKHOCTI YHCIOBOTO PAIY.
OTHEeE DAL PO30LAHHI.

43.7.4 Inmeepanvua osnaxa Maxnopena-Kouwii

Teopema. Hexaii waernu paoy
xz
2% ()
el
dodamui i He 3pocmarome, Moomo, a,2a,za;=...2a, >0 i wexaii [f(x)
maxa Henepepexa Hespocmanya DYHRYIA, o

fM=a.f(2)=a,,.... f(n)=a,,.... Todi, AaKwo Heelackuii iHmezpan

[ f(x)dx 36icacmuca, mo i pad (1) mexc 36icacmuca. Axwo ¢ yei ivmezpan
1

Dpozoicaemvca, mo pao (1) mesxxc po3oicacmseA.



Jlogeoenns. Po3rasiHeMoO psifl, WICHAMU SIKOTO € 1HTerpaiu
2 3 +1
[ f@dx + [} fG)dx + -+ [T fO0)da + -+ e

BHIIHIIeMO JacTKOB1 CYMH IIBOTO PAIY

2
Sy = [ f()dx:
1

3 3
Sy= [ f@)dx + [ f(x)dx = [ f(x)dx;
1 ' i

2 3 n+1 n+1
S,= [ f@dx + [ flodx +_.+ | f@dx = [ f(x)dx.
1 2 1 1
301KHICTh POy O3HAYAE ICHYBAHHS TPAHMIII TOCITITOBHOCTI {S, }
i"!T].
lim 8§, = lm | f(x)dx
H—oD H—»oD 1

3 1i€i pIiBHOCTI BHUILIMBAE, MmO 30DKHICTh psaay (2) piBHOCHIbHA 1CHYBaHHIO
HEBJIACHOT'O 1HTErpaIy
Ji f)dx 3

[TokaxxeMo Temep, mo psa (2) 30iraeThbes TOA1 1 TUIBKH TOJ1, KOJIU 301Ta€ThCs
nanuii ps (1).

Hexann < x < n+1
Ockinbku f(x), 3a IPUITYIICHHSAM, € HE3POCTAOUOI0 (PYHKIIIEIO, TO

fm) 2fx) =2 f(+1)
Tak sk f(n) = a, i f(n+ 1) = a,,q, TO MaEMO
an = f (X) 2 ansq

[IpoiHTEerpy€eEMO KOXKHY 3 HEpIBHOCTEH 110 X BiA . Ao n + 1. Toxi

f:ﬂ a,dx > f:ﬂf (x)dx > f:+1 Apyq dx

abo

an 2 [ f (D) dx 2 aps (4)



[Tpunyctumo, mo nanuii psag (1) € 30vxkHuM. Tomai, BIAMOBIAHO 10 JIiBOI 3
HepiBHOCTEH (4), Ha OCHOBI IMepIoi 03HAKKU TOPIBHSIHHS, CKIAJACHUN 3 1HTETpajiB
pan (2) € Takox 301KHUM.

Hexait tenep nmanumit psag (1) € po306ikHuM. Toji, BIAMOBIAHO A0 HACIIAKY
TEOpPEMU S, Al

Ay, A3,y ...y Ay, ..
o ojeprkaHo 3 psaay (1) BigkumaaHHAM Wi€HA A4 € TaKoX po30bLKHMM. Ha ocHOBI
npaBoi 3 HepiBHOCTEH (4), 3a MEpIIOI0 03HAKOI MOPIBHSHHA, PO30OLKHUM € 1 psif
(2).

Takum yrHOM JOBEJEHO, 110 301KHICTh psiay (1) ekBiBaJIeHTHA 301)KHOCTI psIAy
(2). Ane 30KHICTD psxy (2), SK YCTaHOBJICHO paHillle, PiBHOCHJIbHA 1CHYBaHHIO
HeBiacHoro iHterpany (3). Orxe, 30DKHICTE psaay (1) piBHOCHMIBHA 301KHOCTI
HEeBJIacHOTO iHTerpairy (3), mo i motTpioHo Oyno goBecTy. M

llpakmuuna pexomenoayisn. IaterpanbHa o3Haka Korni 3aCTOCOBY€ThbCS TOI,
KOJIU 1HTerpaj OepeTbCcsi MPOCTO 1 30KpeMa TOAl, KOJIM MiJIHTErpajibHa (PYHKIIs

f (x) mictuth norapudmiuny GyHKIiO TUITY (N X.
Ilpuknao 4. Y3azcanenenuti capmoHiynuii pso (pao Hupuxie)
PosrisiHemMo psix

=1
l+—+—+ +—+_ . => — .
oL

Ile ysaraTpHeHHH rapMOoHIUHHE pad (pax JHpm:Ie), 30LKHICTH SKOTO
(mpH o >1) 1 po30LKHICTD (IpH o < 1) 0y7I0 BUI3HATEHO (083 J0Ka3V) B 3ayBa-
Ba)KCHHI JI0 MEPIIOT 03HAKU MOPIBHAHHSA. JloCHiAMMO Tenep MOBEIIHKY IIbOTO PSIY
npu ¢ > 0 32 JOOMOTOI0 iHTerpanbHOi 03HaKu Maxitopena-Korri.

. . 1 . .
BizsMmemo 3a fix) dvHKOUO —ﬁ[_l’ >1). Lz ¢yHKIE 3aI0BOTBHIE
.
VMOBH TeopeMH 6. 1i 3HaUeHHA IpH x= 1, 2_ 3, .. € uIeHAMH JaHOTO PATY

f'il)=1%=1é f@ == fO)=—

DVHKING € JOJATHON, HellepepBHOK 1 CHAJHOK Ha INBIHTEPBATI



- {?T
. L X
[1,+0c). Ak BiZOMO, HeBIACHHH IHTeIpal F — OpH o> 301TaeThCd

1 po30IraeThcd OpH o =1. OTKe, V3iaralpHeHHH rﬂpMDHquHﬁ p4I 301ra-
€ThCA IPH ¢ =>1 1 pO30IracThCd IPH o =1.
. . . o 1
ITpuknao 5. Jocaiantu Ha 301KHICTD YHCAOBUN P Y1 — 1
Poze ' s3agHg. CKOpPHCTAEMOCH IHTEMPATBHOK 03HAKOK Kommi:

+0 BT, o A
fx)= [ fx)dx = [ dx= lim [——dx= lim arctg x| =
l._ + I:I. 'i _"|:_+1 _{—I—Ili l'_ +1 A 1
T T I
hm{ar::tgd arctgl)=———=—< o,
=TT

IHTerpan 30UKHHE, OT#E, TAHHH PAT TeX 30ITAETRCA.

2
. . . o n+1
Ipuknao 6. Jocaiautu Ha 301KHICTD YUCAOBUM P Y eq (n2+1)

Pozp azagHA. llepeTBopHMO 3araidbHHH 9IeH PAIV

a _|'f1—ﬂx“|2_1+2n+}13_ 1+n° . 2Zn. 1~ 2n
" 1+n’) A+n")Y  (Q+n°)Y (Q+n) 1+n° (A+n)
. . = 1 — 2n
TakumM 4HHOM, JaHHA PO € CyMa OBOX PAIIB > - 1y —.
al+n” ol+nt)
a _|"1—Hx“|2_1+2n+}rz_ 1+ . 2Zn 1~ 2nm
" 1+n’) A+n")Y  (Q+n")Y (Q+n) 1+n° (Q+n)
. . = 1 - e 2n
Takum 9MHOM, JaHHH AN € CyMa IBOX PEMIB > — 1 T—
l+n° =(l+n")

[Tepmmii 3 nuX pAAIB 30iraeTbCs 3a TEOPEMOIO MOPIBHIAHHSA. JlOCIIIKYEMO IPYTHIA
pAn:
2x

3a [HTETPATEHOK 03HAKOKW: f(x) = m :

2

jff(ﬂﬂ'lﬁfi:z{ﬁ— lim [M lim[[l— 2}-3d{1_1_3}=
1 !

1 1+x7) A=y (1+x7)
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E—— T — |=—<wo. THH pPAT 30ITAcTRCH.
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Ilpuknao 7. locoiautu Ha 301KHICTD YUCIIOBUH P Yope1 G 2 Gnr) (1)

[eal

1
Po3p’a3aHHA. PO3rIAHEMO CIIOYATKY TAKHH PAT >
SGn+2D)n (5n+2)
! : 1
CEOpHCTaEMOCH IHTETPATBHOK 03HAKOK Komi: f(x) =

Gxr+ 2l (Gx+2)

(2)

-+

1 d'[]n{:m + "}]
[f[:x}':ﬁ_ 1[ (5x 2)]112{5."?+ ::'} B 5 i—:—m[ In” (5x+2)

1

54

1]].]]1 1

1 R S
= In(54+2) In7) Sln7

ToOTO, paAd (2) 301racThCA.
A Temep 3acTOCYEMO TPaHHYHY O3HAKY MOPIBHAHHA. IIOpIBHACMO JaHHH

pax (1) 3 posrasHYTHM pagoM (2):

9 2D D+ — 5
lim 22 — hm(DrH 2)ln”(5n 2 _ =hm—= =— (%0).
na=b  n-=(3n+4)In (5n+ ’) e '

Otxe. pax (1) Tex 301racTeca.

43.7.5 Osuaka Paabe

B Tux Bumajakax, KOJIu PO3MJISTHYTI 03HAKHU 301)KHOCTI HE AAI0Th BIJAMOBIII PO

301KHICTh 200 PO30LKHICTH PsAy, JOBOAUTHCS BUKOPHUCTOBYBATH OUIBII CKJIAHI
O3HAKH, JI0 IKUX, 30KpeMa, BIJIHOCUThLCA 03HaKa Paale.

Teopema. Skuio icHye

lim n( — 1) =1
n-oo  \ldp41



-
MO 3HAK0000amHUll PAO zan 306izaemuea npu ). > 1 i pozicacmuca npu h<1.
Tl

Toeenenna. Hexai A > 1. Obepemo aucao p Take mo 1< p < A . Tom 3Hai-
TeTBCA TAKHH HOMED 7y, 0 Wn > i, Oye BHKOHAHO:

n g > P,

By )

::-1+£.

n

a,

H.I'H-l

Odepemo gHCI0 5 Take, mo 1 <5 < p. OCKUIBEH

- 5
1+l] -1
lim~—". =3
- 1 B
n

TO 3HAWJEThCS TAaKUU HOMEp N, 0 VN > N, OyJie BUKOHAHO:

1 5
[1+—1 -1
mn

ol

A <p.

f

4

w-.il.'.
1+l | -::1+£_

L n n

Hexaii n; =max(n,.n,). Tom ¥n > n; 0yIe BHKOHAHO:

w5 EE
Losrels(ralf (2]

a,., n n no )
Aodo
1
""ml_; n T=(ﬁ+1}"
a, \n+1, 1
n.’.

. 1 _. . . .
OCKIIBKY PSITT Yopeq ~ 301KHHH, TO 32 TEOPEMOIO 30IraeThCs 1 PSI Yipeq Ay



Hexait Tenep A <1. Toai 3HafAeTECA TAKHH HOMEP 7,. IO Vn > 71, OyJe BHKOHA-

HO:
6 "
n[ g ]<1.
an+l /
ado
a 1 n+1
A <l+—= .
a,. n n
3B1AKH OTPHMYEMO:
1
an+!> n — n+1
a n+1 l

7
: 1 : . : :

OCKIIBKH PSIT Yo q - PO30IXKHHMIA, TO 32 TEOPEMOIO PO330Ira€ThCs 1 PII Ypeq Apy.
Teopemy noseneno B
Ilpuknao 8. Jlocniauty 3a SKMX 3HAYEHBb TTapaMeTpiB P 1 ( 30iraeThes psij

m - _ F
TJI-}S---{EH 1}1 1
L 2-4-6---(2n)

HIE

3acTocyeMo o3Haky Paabe. PosrmaHeMo BUIHOIIEHHS:

’1-3-5---(3;:1—1}']’” 1

n L 2-4-6---(2m) ) Af ’2ﬁ+2]’hﬁ+lr

a

Aoy 1-3-5---(2n—1}(2n+1}']‘”_ 1  2n+1
2-4.6--(2n)(2n+2) | (m+1)F

o W q g i 3
=ll+ ! ] 1+11 ~l1+-2 +ﬂll]ul+i+9|ll]=
. 2m+1,)\ n) 2n+1 Wnj n wn)

1" ( 1 1" f 1 (1
g +£+ﬂ[—l=l+£|1— 1+E+ﬂ[— =1+|£+q]—+a|—1_
3BUICH JICTAEMO:

(a - (fp Y1 (1)) p
I —1|=lmn||=+g|—+o0|—||==—+4¢.
} % . &

. n

A

limn

A—x

A=
,, ﬁl.ﬂ+1



o _ . p . .
1 3TLIHO 3 03HAKOK Paade pag 30iracTeca, KOTH —+q =1 1 po30IracTRCA, KOJH

K

3ayBamHMO. IO B TOH e Jac 03Haka JJamambepa He Jac BUINOBI1 HA MHTAHHA

L . . a

mpo 30LKHICTE DEOTO PEIY. OCKUBEH lim—* =1 Vp.g.
fi—=x 47
i

3aragbHa cxeMa JOCJIiIKEHHS 30IKHOCTI 3HAKOCTAJIOI0 YUCJIOBOI0 PAAY:

3amaH YHCI0OBHA PAL

E u,, u, =0,
n=1

O0YHCTIEMO TPAHHITI:

limu,
FL—+o0

(mepepipAcMo BHEOHAHHS HEOOX1IHOL 03HAKH 30UKHOCTL PATY).

/\.

limu, =0 limu, = 0.
n—+oo FL—+o0

Heobx1aHa 03Haka HeoOX1IHa 03HaKa
30LKHOCTI BHEOHVETBCA. 301KHOCTI HE BHEOHYETBCA.

l AN

Paod
Pozbicaemsca

BHEOPHCTOBYEMO
OOCTATHI 03HAKH 30LKHOCTL:
1. [TepIma 03HaKa DOPIEHAHHA.

2. [Ipyra 03HAKA MOPIBEHAHHA
(zparuHa dopya o3HaKN NOPIEHAHHA).
3. OzHaka JamaMoepa.

4. PaguraneHa ozHaKa Kom.

5. IuTerpansHa o3zHaka Kommn.

RN

Pag Pag
3bicaemeca pozdizaembca




Koumponvni numanns 0o memu 2
Cdopmymroiite 1 10BEIITh palikadbHy H0CTaTHIO o3HaKy Ko,
Cdopmymroiite 1 10BENITh JOCTATHIO IHTErpalIbHY 03HaKy Makiopena-Kormii.
JIns1 sKuX psifiiB 3aCTOCOBYIOTHCS TaKl JOCTaTHI O3HAKW 301’KHOCTI PsJIiB: mepia 1
Apyra O3HaKW TMOpIBHSAHHA, o3Haka JlamamOepa, panikanpbHa o3Haka Ko,
iHTerpasibHa o3Haka Maknopena-Komri?
VY 4doMy nosisiraroTh nepeBaru 1 HeAoJiku o3Hak [lamamOepa, pagikanbHo1 Kol i

1HTerpasibHOi 03HaKu Maksopena-Koiii npu npakTU4HOMY 3aCTOCYBaHH1?

MOCUJIAHHS 10 JEKIII:
https://www.youtube.com/watch?v=5N-Y80Qic|-Y

https://www.youtube.com/watch?v=04sS0pSCMuQ



https://www.youtube.com/watch?v=5N-Y8Qicj-Y
https://www.youtube.com/watch?v=o4sS0pSCMuQ

