Moayas 2: HUCJIOBI TA ®YHKIIOHAJIBHI PAIN

Jlekuisi 46: @yHKUiOHAJIBLHI PN

46.1 OcHOBHi 03HAYEHHS
O3nauennsi 1. QyuxyionanvHum pss0om Ha3UBAETHCS PAJl CKIAJACHUN 3 YJIEHIB, SIKi
€ QYHKIIIMU BiJl QpTYMEHTY X
U () + u, () + o u, () + = Yoo uy(x) (1)
ne U, (x) - Gyukuii, ki 3amaHi HA AEIKiA MHOXKHUHHI D.
[Ipy KOXHOMY KOHKPETHOMY 3HA4€HHI X = X 13 o00Osacti BU3HA4YeHHS D
(yHKIIOHAJIBHUH Psi/i TIEPETBOPIOETHCS HA YUCIOBUH Psifl
Uy (x0) + uz(xp) + o4 up(xg) + ... = 2pq up(xo) (2)
ko A x = x, yucioBuil psan (2) 30iraeTbes, TO KaXKyTh, MO (YHKIIOHATBHAN
psa (1) 30iraeTbest B TOUIII X, a CaMy TOYKY HAa3MBAIOTh MOYKOIO 30I0%CHOCTI, SIKIIIO

(2) — po30iXHHUI, TO X - Mmouka posdixcnocmi psny (1).

O3navenHsi 2. MHOXMHA BCiX 3Ha4Y€Hb 3MIHHOT X, TIPHU AKUX (DYHKIIOHATBHUN Pl
301ra€eThCs HA3UBAETHCS 00.1acmI0 30idcHOCmI PYHKIIIOHATIBHOTO PSIY.
Ha npakTuiil po3risiaaroTh psiau, 001acTsIMUA 301KHOCTI SIKMX € Pi3H1 IHTEPBAIH

oci Ox.

[To anasorii 3 YUCIOBUMU PSAIAMU BBOAUTHCS MOHATTS N -0i YACTUHHOI CYMHU Ta
3QJIMIIKY (PYHKIIOHAJIBHOTO PAY.

OsnavenHs 3. N -a yacmunHa cyma paay:
Sn(X) = Uy () + Up () + oot Up () = TPy w4 (%) (3)

VY KOXKHIM TOUIIl X, KA HAJIEKUTh 00J1acTi 301kHOCTI psiay (1), icHye rpaHuis
lim S, (x) = S(x) (4)
n—>0o
KA HA3UBAETHCS cyMOor0 QYyHKIIIOHAIBHOTO PAY.

Akuio B Toykax 13 00JacTi 301KHOCTI PSAly ICHYIO€ 3HAUCHHS CyMHU DSy, TO

MOKHA BCTAHOBHMTHU 3aJICKHICTh MDK MOUKAMU 30IXCHOCMI Mda 3HAYEHHIMU CyM.



Takum ynHOM, CyMa (PYHKIIIOHAIBHOTO ALY € (YHKIIEI 3MIHHOI X, TOOTO f(X),
00J1acTh BU3HAUCHHS AKO1 1IEHTHYHA 00J1acTi 301KHOCT1 (DYHKIIIOHAJIBHOTO PSITY.
[Ipu 11boMy, KaxyTh, 0 QPYHKIIIOHATLHUMN psaa 301xkHUNA 10 GyHKIIT f(x) abo
(GyHKIIIS PO3KIATAETHCS B PAJT
f(x) = Xnmg un (%)

B 11Oro 00J1acti 301KHOCTI.

Ipukaan 1. 3HaiiTi 06;1aCTh 301)KHOCTI PYHKIIOHATIBHOTO ALY
Q) Yo x"l=1+x+x%+-

3amaHuil psg € reoMeTpUYHUM npu ayp = 1, ¢ = x. Bigomo, mo mei psg

. C o a
36iraeTbes, akmo |g| < 11iorocyma S = 1—0

JI714 naHOoTO MpUKIaxy

lql = Ix| <1
Toai, 00aacTs 30ikHOCTI: —1 < x < 1= (-1,1),
0
1 T >
-1 1

a Moro cyma

1 (0e)
S(x) =—=Zx”‘1
1—x

n=1
0 1 1 1
b)2n=1F= 1+;+x—2+"'

1

Po3B’s13aHHs aHanoriube: ag = 1, q = -

. . . . . 1
Toxi, 06acTh 301KHOCTI 3HAXOAUTHLCSA 3 HEPIBHOCTI || = |;| <1 abo x>
lix<-—1
1 X we 1
Cyma pany S(x) = 1T Yin=17n=7

OonacTe 301 AHOCTI: [—-'-D-—la:IU{l-+~'-:-_} - i
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Ha npaktuii qjs 3Haxo KeHHsT 00J1acTi 3015KHOCT1 (PYHKIIOHATBLHOTO PSIAY MOKHO

BUKOPHUCTOBYBATH O3HAKU Jlanambepa abo paduxanvhy ozuaxy Kowi:

Axmo lim

n—oo

=221 — |L(x)], To mpu |L(x)] < 1 pax 36iracTees.

Lim
Axmo lim 7f|u, | = |L(x)|, To mpH [L(x)| < 1 paxg 36iracTecs

11— o
Ilpe 3HagenEsx |L(x)| > 1 rpaHHOA 3aralbHOTO WIEHA PAOY He JOPIEHEOID

HYIII, OT#E, IPH BUINOBIIHAX 3HAYEHHAX X, PAI OVIe PO3DLAHHEM.
Bunagox |L(x)]| = 1 noTpedye I0DaTEOBHX JOCTLTECHE.

(v . . . [0'e) . X
Ipukaan 2. 3HaliTH 001aCTh 301KHOCTI PYHKIIIOHATBLHOTO PIIY Yipyeyq SiD o

3acTocoByeMo 03HaKy JlamamOepa:

. X .X
u,(x)= sin— U, ,(x)=smn—::

2 2""1
w5t X
S——=| /- - -
.U, 4 (X . n+l BIIOMO. IO i x-2 1
| Uy (x) | momf o X | \sn@~a. komHa—>0) m=(2%.x| 2
?n

OTxe. JaHHI paa 301ra€TECA IIPH BCIX 3HAYEHHAX X. TOOTO mpH X < (—o0 ).
Biamosiae: x €(—oc ).

Ipukaan 3. 3HaiiTi 001aCTh 301)KHOCTI PYHKIIOHATIBHOTO ALY

Po3r’szagEa. CKOPHCTAEMOCH PAJHKAIBHOK 03HaK00 Komi:

nl(lnx)n Inx
lim|m| = lim u = ’lli_l};l Wl = |in x| (lim Vn = 1).

n—oo n—oo | . n n—00

OTxe. 3amaHui pag 301raeTeca. Axkmo |In x| < 1, ado

1
—1<Inx<1;;<x<e.



JocmmKyeMo JaHHHA PAI HA KIHIAX OAEPAKAaHOIO IPOMUKKY.
x

>3 " : = % |
IIpa x = e MaeMO PO30OLKHHH rapMOHIYHHHA PAI —.
< N

n=i

T o oam
1 , - (—1)
Ilpr X = - MaEMO 3HAKONEPEMUKHHH PAl E '

. AKHH € YMOBHO 30UKHHM.
n
n=]

5 - - 1
OT1xe. 00IaCTIO 301KHOCT! JAaHOTO pAOV € MHOXHHA |—; € ).
- e

O3nauenns 4. [IpencrtaBumo cymy GyHKIIIOHATBEHOTO psiny S(x) y BUTIISIL:
S() = Zk=1 ue (X) + Xipngq U (x)
1€ 3a1unioK PYHKIIIOHAIBHOTO PSiAY BU3HAYAETHCSI BUPA30M
1 (%) = Xizn+r uk (%) ()

TakuM 4HHOM,

S(x) = Sp(x) + 1 (x)
abo

(X)) = S(x) = Sp(x)

46.2 IToHATTS PiBHOMIPHOI 30i2KHOCTI PYHKIIOHAJIBHOTO PSALY
O3navenHss 5. OYHKIIOHATBHUA PAL Ygeq Un(X) (1) HasuBaeThCs pieHOMIpHO

30ixcHuM Ha TIPOMIKKY (@, b), SKIIO JJIst z e>0 EIJ Take ynucio N, mo

"6y /1b AKOTO" "icHye"

misiVn > Ni1Vx € (a,b), BUKOHYEThCSI HEPIBHICTh

IS() = S ()] = [ (x)| <& (6)
PosrisiHeMo eeomempuyny inmepnpemayito 03HAYCHHS.
CkopucTaeMoch (GOpMYIIOI0:

1S(x) = Sp ()| < &= [Sp(x) =S| < ¢
Tomi
S(x)—e<S,(x)<S(x) +¢

3amaemo ¢ 1 Oyayemo kpuBl S(x), S(x)+ ¢ , S(x) —&. OcranHi 1Bi KpHBI

YTBOPIOKOTHh CMYTy IIUPHUHOKO 2€ .



Axmo psag (1) pisnomipno 36ixcnuti va (a,b), To AN, mo g vn > N
rpadiku YaCTUHHUX CyM Y = S, (X) po3MicTsThcs Ha (a, b) BcepeauHi cMyru 2¢.
300pa3umMo Bce Ha PUCYHKY 1.

Sxmo psag ne € pienomipno 36ixcnum Ha (a,b) TO BKazaHoro Homepa N He

icuye: rpadiku y = S, (X) BUXOAATH 32 MeXKi CMYIu 2¢.
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3aysaxncennn. PizHuIl MDK  3BUYaHOI 1 PIBHOMIPHOIO  301KHICTIO
(PYHKIIOHAJIIBHOTO PsiAy MOJSArae y TOMY, IO y BUIMAAKY 3BUYAlHOI 301KHOCTI
HEpIBHICTh (6) BUKOHYEThCA Npu (pikcoBaHOMY Xy € D s Bcix n = N , npu
poMy HoMep N 3ajexuTh sK Bix € , Tak 1 Big x5 N = N(g %) , TOOTO KOKHA
TOYKa X, Mae cBii Homep N. Ha BiaMiHy BiA IIbOTO Yy BUIAJAKY PIBHOMIPHOI
301>)KHOCTI HEpIBHICTH (6) mpu n = N BUKOHYEThCA I BCIX X € D oHOYacHO, a

3HadeHHS N 3aleKUTh JTUIIIC Bi)I E.

O3HaueHHs PIBHOMIPHOT 30DKHOCTI MPAKTUYHO O3Hayae, Mo cymy S(x) Ha
nmpoMiKKY (a, b) mMokHa HaOJIMIKEHO, 3 Halepe] 3aJaHO0 TOYHICTIO &, 3aMIHUTHU

OJIHIEIO 1 TIE€O JK€ YaCTUHHOIO CYMOIO Sy, (x):

S(x) = S, (x),Vx € (a,b)

3aysaxncennn: J{1 HEpIBHOMIPHO 301KHUX PSA/IB TAKOTO BHUCHOBKY 3pOOUTH HE

MOZKHa.

4.3 O3Haka piBHOMIpPHOI 30i’KHOCTi PYHKIIOHAJBLHOTO PAXY



O3navenHs 6. OyHKIIOHAIBHUN PSAI Yopeq Uy (X) (1) HA3UBAETHCS Madicoposanum
Ha TIpoMikKY (a,b) , SKIIO ICHY€ Takvil 30iKHUI YMCJIOBMHA PAX 3 JOJATHUMH
YIIEHAMU )5~ Ay, 11O

lu, ()| < ay
YucaoBuid psAag  Yn—q @A, 1O BITHOHNICHHIO 10 (QyHKIiOHANBHOTO psaay (1)

HA3UBA€CTbCA MAHCOPAHNOIO.

sinnx o o
Mpuxnan 4. Jlns psaay Yp—q —— 3HAITH MaXOPaHTHUM

B . <1 . |sinnx| _ |sinnx 1
paxyemo, 1o |sinnx| < 1, Tomi — == <=
| $1
Togi @, =—. apan ) — ¢ 30KHEM YHCIOBHM PSJIOM 3 /I0/IATHHMH Y4ICHAME
n ot n*
(viaransaennil rapmoniauunit, p =2 >1)=>106ro pan z—, MAROPAHTHHH.

el 1
JlocnimpKyroun Ha PIBHOMIpPHY 301KHICTh (YHKI[IOHAJIbHI PAIH, 3PYUYHO

KOPHUCTYBAaTHUCh TEOPEMOIO, SIKa JIa€ JOCTATHIO YMOBY PIBHOMIPHOI 3015KHOCTI PSIY.

Teopema. (o3naxa Betiepumpacca). SIKIo GyHKIIOHATBHUT PAT Y peq Uy (X)
(1) maxxopoBanuit Ha IPOMiKKY (@, b), TO BIH aOCOJIFOTHO Ta PIBHOMIPHO 301KHUN

Ha [IbOMY IPOMIXKKY.

Bracmueocmi pienomipro 30ixcHUX PYHKYIOHATLHUX P08
Teopema 1. (IIpo HenmepepBHICTHB CcVMH pPIiBHOMIPHO 30LKHOIO
(GYHKIOIOHAIBHOTO PAIY).
Cyamoro pieHoMIpHO 20i%CHO20 Ha eidpiky [a.b] dyuxyionareHo20 pAAY, HreHu

AKO20 Henepepeni Ha [a.b], € @yuryin, HenepepeHa Ha YboOMy 8IOPI3KY.

Teopema 2. (IIpo nou.1eHHe IndepeHNilOBaHEA (PYHKIOIOHAILHOIO PAIY).

Axwo yrenu 36ixcroco pacy (1) maromes Henepepswi Ha [a.b] noxiowi, a psad



Tu +(x) 36icacmuca pienomipro Ha eiopizky [a.b], mo wa yvomy eidpizxy paod

n-l

(1) moxcra novnenHo ougepernyioeamu, moémo

'

[72( (r)J iu,’,(x), xe[a.b].
\ el Tl

Teopema 3. (IIpo mo41eHHe iIHTerpVBaHHA (PVHKIIOHAIBHOIO PAIY).
Axwgo wnenu paov (1) wemepepewi Ha eiopisxy [a.b] i weit pad z6icacmuvca
pievomipro Ha [a.b], mo ilicco MoxcHa nownreHHo iHmMezpysamu Ha YboMy

gI0pI3Ky, Moomo

b/ = = b
f[ zun(x) ]dx = : fu,,(x)dx. xela.b].
a\ n=l ' n=l g
BrnactuBocTi  piBHOMIpHO  301KHUX  (DYHKIIOHAJbHUX  PAIIB  MOXYTh
BUKOPHCTOBYBATHCS JIJIsl 3HAXO/IKEHHS 1X CyM.
1 ™
T( }rz+l |I.rr+2
o ¥
IMpukaan 5. 3uaiity cymy psay: "= WRes)
n+2
x
ET [: }.H‘-I-l
nin+2)
- | |.rr+2
Ta 3HaHZeMo Horo o6macTs 30uEHOCTL N4 Osoro Jo pagy EZW AKHH
nin+
1=l

CEIaJeHHHA 3 MOIVIIE HOTO WISHIB, 3aCTOCYEMO 03Haky Jamambepa:

n+2
i, cx}|-JJ— = — 2L

+2) {H+1}(n+3}
Oy P02y Ty
1, (x) ’*‘"“(THl}{ﬁ+3}-|;‘r|”+2 ”—Hifh_l“fh_i] '
\ AN n.



IBIOKH OJEPEHMO IHTEPBAT 301K HOCTL X £ (—1.1) . OCKATBEH 3aTaHHH 33 VMOBOK

PEI € aOCOMOTHO 301AHEM OpH X = =1, To 00IacTE 30UKHOCTI HBOTO PAIY — Ie

1
™

Biapizok [-1. 1]. Bpaxosyrown, mo pamm > (-1)"
=l

=

Ta > (-1)"x"" e
el

PIBHOMIPHO 30UKHHME Ha KOEHOMY BUOPI3KY BHINIAAY —l+@<x=s]l—-w, ge @ —

OVIb-AKE JOJATHE YHCIO, MeHme 3a 1 (e BHINTHEAE 3 03HAKH BefiepmTpacca).

TO [OIHATHMO IIYKAHY CYMYV:

2
"

n(n+2)

Ta 3acCTOCYVEMO OO0 IOBOTO PAOY TEOPEMY Mp0 MOWIEHHe IHPEpeHIOBAHHA.

5(x) = zi (-1)™! xe(-11).

OgepEEMO:

5'(x)= Ei (-1 L
=] i

a6o  S'(x)=2x-5,(x). me S(x)= (-1
] n

OCKUIBEH
5= (-1)"x". xe(-11).
el

TO

Si(x) =i: 5,(x) = .[£= In(1+x), re(-11).
0

Tom S'(x)=2xIn(l+x). x=({-1L1) =

. u=In(1+£)=> di =%;
= 5(x) =2 ¢In(1+1)dt = R

0 dv=tdt=v=

bed

Foge,

H

12 |



—%_[ﬂaf 1 ( ]n{l+x}——z+%——lu(1+x}

. 0 0 r+1
2

~(x* -1 ]n(1+x}—1—+;r__ xe(—11).
) ;

n+l

T{ 108~ X cos" " x

Ipukaan 6. 3naiitu cymy psagy: "= n(n+1)
n+l
2 |cos 11
6) [lns 3HAXOKEHHA 00JaCT1 30UKHOCTI PATY. POIIVIAHEMO PAT V‘
n-l n (" + 1)
Ta 3aCTOCYEMO A0 HBOTO pAAyY 03Haky [Jamambepa:
1+—
- U (X cosx| -n(n+1
lim () _ | 1 brl) |cos x| hm L = |cos x|
ol 1 (X)) | = (n+1)(n+2) -|cos r|

1Y, 2
1+— || 1+—
n/\. n,
HepiBHICTE |cos .11 <1 BHKOHYE€TBCH A1 BCIX x=kx. k<I. ane npH
x=kx. k€. 3zaganEi QVHKIIOHATEHHA psax 30iractecs. ToMy oOnacTio
30LKHOCT! IBOTO PAAY € VCA IHCIOBA BICh. AJle 1A MOJATBIIOrO 3aCTOCYBAaHHA
TEOPEMH I@Ip0 MNOWIeHHe JHDEepeHIOBAaHHA. OyZeMO BBaXkaTH. IO

x=kw. kelN.

o : Cosm»l x
TT03HAYHMO IIYKAHY CYMY: S =N (1)"'= 2,
] n(n+1)

Tomi S'(x)=sinx-S;(x). e S;(x)= Z( l),,cos %

Tiem]

S{(x)=smx-85,(x); e S5,(x)= Z:(—l)”“l cos" x.
Nl

OCKUIbKH OCTaHHIN pAJl € TEOMETPIUHUM PIoM 13 g = 11 q = coS X, TO



1

S,5(x) = . TO
l1+cosx
x - X
i d t
5,(x)= [ i df=—[ﬂ=—h1(1+cnsx}+h12_
bl+cc}5a‘ ‘ul+1:c:+5a‘

Tom S'(x)=-smx-In(l+cosx)+In2-(sinx):

S(x) =—[sint-In(1+ cosf)dt + In 2| sintdr =
0 i

[]11{1+cnsa‘}d[l+msa‘}—1ug.(msx_l}=
0

((1+cost)In(l +cost) — (1 +cost) }|: ~In2-(cosx—1)=

=(1+cosx)ln(l+cosx)—1-cosx—2In2+2-In2-(cosx)+In2=

={1+cﬂ.€x}]n(l+cnsx}—(l+lu2]|c-:-5:f+1—]112, x#km. ke



Konmponvui numanns 0o memu
JlaiiTe o3HaueHHS PYHKIIOHATBHOTO PAITY.
[I{o Ha3uBaeTbCs 001ACTIO 301>KHOCTI (PYHKIIIOHAJIBHOTO PSTy?
JlaliTe o3HaYeHHS N -0i YACTUHHOT CyMU (DYHKIIIOHAIBHOTO PAY.
HaeniTh mpukiiaay 3HaX0KEHHS 001acTl 3015KHOCTI (DYHKITIOHATIBHOTO PSY.
JlaliTe o3HaueHHS 3aIUIIKY (QYHKI[IOHATBHOTO PSAY.
Sxkuit  QyHKIIOHATBHUN psii  HA3UBAEThCA piBHOMIpHO 301xkHUM? IlosicHITBH
T€OMETPUYHMI 3MICT O3HAYEHHS
[Ilo po3yMmitoTh miJ BUSHAYCHHIMH MaKOpaHTa Ta MaKOPOBHUI?
Cdopmymnroiite o3Haky Beiiepuirpacca.

CdopmymroiiTe BIaCTUBOCTI PIBHOMIPHO 301KHUX (PYHKIIOHATBHUX PSIIB.

MOCHUJIAHHS 10 JEKIII:
https://www.youtube.com/watch?v=eo71d jpdzw

https://www.youtube.com/watch?v=qDTCzyt3wgw
https://www.youtube.com/watch?v=tlb FXARDV4



https://www.youtube.com/watch?v=eo71d_jpdzw
https://www.youtube.com/watch?v=gDTCzyt3wgw
https://www.youtube.com/watch?v=tIb_FxARDV4

